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Introduction
Many lifetime

developed by

Introduction: Recently, researchers have introduced new generated families of univariate lifetime distributions.
These new generators are obtained by adding one or more extra shape parameters to the underlying distribution
or compounding two distributions to get more flexibility in fitting data in different areas such as medical
sciences, environmental sciences, and engineering. The addition of parameter(s) has been proven useful in
exploring tail properties and for improving the goodness-of-fit of the family of the proposed distributions.
Methods: A new Three-Parameter Weibull-Generalized Gamma distribution which provides more flexibility in
modeling lifetime data is developed using a two-component mixture of Weibull distribution (with parameters 0
and 1) and Generalised Gamma distribution (with parameters 0=4,0 and A). Some of its mathematical properties
such as the density function, cumulative distribution function, survival function, hazard rate function, moment
generating function, Renyi entropy and order statistics are obtained. The maximum likelihood estimation
method was used in estimating the parameters of the proposed distribution and a simulation study is performed
to examine the performance of the maximum likelihood estimators of the parameters.

Results: Real life applications of the proposed distribution to two cancer datasets are presented and its fit
was compared with the fit attained by some existing lifetime distributions to show how the Three-Parameter
Weibull-Generalized Gamma distribution works in practice.

Conclusion: The results suggest that the proposed model performed better than its competitors and it’s a
useful alternative to the existing models.

distributions
researchers for

are Gamma, generalized gamma, Weibull,
exponential and Lindley distributions. For
instance, Weibull distribution' has attracted the
attention of researchers in various fields due to

have been
modeling

lifetime data in the form of parametric
methodology. The most popular models
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its characteristics in modelling survival data.
However, this distribution does not provide
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a good fit to data sets with bathtub shaped
or upside-down bathtub shaped (unimodal)
failure rates, often encountered in reliability,
engineering and biological studies.? In the
other hand, Stacy introduced the generalized
gamma distribution, which has the exponential,
Weibull, gamma, and Rayleigh distributions as
its special cases.’ This distribution is known
for its flexibility in modelling skewed data.
The inferential procedures for the generalized
gamma distribution are difficult.> Several
researchers have studied the characteristics,
properties, and properties of the distribution.>
4 Several distributions have been proposed in
the literature to extend the Weibull, generalized
gamma and Lindley distributions.>*

Meshkat et al.” introduced a new distribution
named generalized gamma-Weibull (GGW)
distribution. They provided mathematical
properties of moments and estimate the model’s
parameters through the maximum likelihood
estimation method. The goodness-of-fit of the
GGW distribution was demonstrated through
an application of a real data set. Hamed in?
introduced  another = Weibull-Generalized
Gamma (W-GG) distribution, which is
obtained by compounding Weibull and
generalized gamma distributions. The model
contains some existing lifetime distributions as
special cases such as the Weibull, Lindley, and
exponential distributions, among others. Some
statistical properties of the W-GG distribution
were discussed and the maximum likelihood
estimation method to obtain its parameters.
The results showed that the model is capable
of modelling various shapes of ageing and
failure criteria.

Following a similar procedure and informed
by the strengths and limitations of the Weibull
and generalized gamma distributions, we

introduced a new mixed distribution from the
Mixture Weibull and Generalized Gamma
distribution. The new Three-Parameter
Weibull-Generalized Gamma Distribution
(TWGQG) distribution was developed using a
two-component mixture of Weibull distribution
(with parameters 0 and A) and Generalised
Gamma distribution (with parameters o=4,0
and A). Hoping that the proposed distribution
will be more flexible and serve as an
alternative to other mixed models available
in the literature for modelling real lifetime
data in many areas. The study derived some
mathematical and statistical properties of the
new distribution. Finally, the distribution was
evaluated by fitting real-life univariate cancer
patient datasets.

Methods

This study employed the use of mixing
proportions to obtain the new distribution.
The general form of the probability density
function (pdf) of a k-component additive
mixture distribution for a random variable x is

defined as
f(x,e):ij(x,ej)a)j, (1)

J=1

where Oj is the vector of parameters for the
mixture models, o, is the mixture proportion

and .
Zcoj =1.
Jj=1

Theorem 1: Suppose a random variable
X follows a Three-Parameter Weibull-
Generalized Gamma distribution, that is,

X|O{,H,2NTWGG(C¥,9,/1), then the pdf of

random variable X is given as:
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: 26" A\ At o distribution reduces to the Two-Parameter
fl(xla,0,1)=37(a+x )x‘ e ™ forx>0;a,0,4>0 o . 0
ad’ +6 Rama distribution proposed by Umeh et al.

Proof 1: Recall that the pdf of a k-component
additive mixture distribution as given in (1).
The pdf in (2) is a two-component mixture of
Weibull (6,h) and Generalised Gamma (4,0,1)

3
with the mixture proportion, p = af .
al’ +6

Therefore, the pdf of TWGG distribution can
be derived as follows:
£ (x6,a,2) =pg,(6,4)+(1-p)g,(4.6,2),
where
2(0,2) = 20x*'e " and
/1'94x3/1x/1-1e-0x‘

6

af’ a1 —ox 6 20 e
O,a,1)= A6 )+
£1(x10,a.2) a03+6( X a0 +6 6

2, (4,0,/1) =

_ 6a6*1+66" x> g0
6(at’ +6)

a0 A+0' A" L o
e )€
a

Therefore, the probability density function of
the TWGG distribution is

0'2 34\ A1 —6x*
£ (x0,a,2) = H3+6(a+x )x e
a

Theorem 2: The function in (2) is non-negative,
continuous and has unit integral on its domain:

Ifl (x)dx=1

Proof 2: The pdf of TWGG distribution is a
proper pdf since it satisfies the condition that:

ﬁ((x +x** )xl_le"'g"l } dx
0

“ 26°
!fl (xla,6,4)dx — e

__ 20" (ad’+6)_
al’+6\ A6°

Note that
when 2=1,0>0 and o>0 then the TWGG

Similarly,

when A=1,0>0 and o=1 then the TWGG
distribution reduces to the One-Parameter
Rama distribution proposed by Shanker et al.!!
The corresponding cumulative density function
(cdf) of the TWGG distribution was derived as
follows:

F(xer,0,4) = [ £, (dar,0,4)dt
t=0

:]ﬁ 2216(a+t“)tl_le"9ﬂdt
t=0

0'L ¢ i
=—"— [ (a+") e dr
ald’ +6 7,
Using Mathematica software to solve the
integral part, we have

84y
- (a63 ¥ 6)

_,_ ((6+6x0 +3x*0% + x3%0% + ap?)e=0x"
B a6 +6

6+ a63 — e (6 + 6x20 + 3x210% + x39° + a9?)
S}

(66x* +362x%* + 63x3%) o
=1—-(1+ e %%
af3+6

63x34+ 302x2A+66x o6 )
ab3+6

- [1 +
Moreover, the graphs of the pdf and cdf of
TWGG are given in Figure 1 and Figure 2

respectively.
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Figure 1. Graph of the pdf of TWGG Distribution of

varying values of the parameters

453



??? etal.

Vol 9 No 4 (2023)

A New Lifetime Distribution and its Application to Cancer Data

The graphs presented in Figure 1 show the
pattern of the pdf of the proposed TWGG
distribution at various values of a, 6 and A.
The pdf shows different shapes which makes it
flexible to capture various levels of parameters.
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Figure 2. Graph of the cdf of TWGG distribution of

varying values of paprameters

Figure 2 presented the shapes of the cdf of
the proposed TWGG distribution at selected
values of a, 0 and A. Just like its pdf, the cdfalso
show different shapes which makes it flexible
to capture various levels of parameters.

Some Mathematical Properties of TWGG
distribution

This section includes some properties of the
TWGG distribution like, rth moment, the
mean, standard deviation, skewness, kurtosis,
and coefficients of variation among others.

Moments of TWGG Distribution

The rth moment of a random variable X is
given as

U = E(x”):Tx’f(x)dx , (4)

where r is a positive integer.

Hence, putting the (2) into (4) to give

4 0 0
_ ;39 6|:[ ax (r+4)-1 79)5 dxj_l_LJ‘ (r+42)- 1e79x dxji|
a + 0 0
A(r+2) A(r+42)
a 0r+), 10r+4ﬂ. SD

20¢ | 0 (a0 A(r+ 1)+ A(r+42))
Caf’+6 A

Therefore,

0" (a0 A(r+ 2)+
(6+a93)

(r+4/1))

)

H, =

From (5), we can express the first four moments
as

0" (a0 A(1+ A1)+ A(1+42))

Hh= 6+ab’
o0 (a0 A2+ 1)+ A(2+42))

= 6+ab’
0™ (a0 A(3+2)+A(3+42))

= 6+ a6’
6 (a6?”1~\(4+/1)+11(4+41))

Hy = 3

6+ad

Remark: the mean of TWGG distribution is
EX)=u= Mw also, the wvariance, skewness,
kurtosis, and coefficient of variation can be
obtained by:

. 2 ! 2
Variance=0" = u, —
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02781 (—0* (a3 T(1 + A] + T'(1 + 42))? + 6*4(6 + af3) (@03 T (2 + 1) + ['(2 + 41)))

2 =
? (6 + aB3)?

U U
skewness = S§;, = == 3

7 =)

g1-42 (a93/1r(3 D +TG+ 4,1))

Skz

3/2
92-82 <—04(a93’1F(1 + 1) + T +410)° + 042(6 + a63) (a3 T(2 + 1) + T(2 + 4,1)))
(6+at?) 6 + ad%)?

kurtosis = K, = ﬂ = L
S g ' 2 (2)
(:“2 —u?)

0~4+120(6 + af3)3(af3* (4 + 1) + I'(4 + 41))

(64(a6721(1 + 2) + 11 + 42)" = 926 + 03 (@BT(2 + 1) + (2 + 4/1)))2

o
cV=—
u
g2-82 (—04(0(93’11"(1 + 1) + T +41)° + 041(6 + a63)(af3T(2 + 1) + T(2 + 41)))
67344 (6 + a6*) (6 + a03)?
V= @b T(1+ A) +T(1 + 42)
Renyi’s Entropy Order Statistics
The Renyi’s Entropy of a distribution can be Let X, X, ..., X be the order statistic of
obtained from the expression below: a random sample X, X, ..., X drawn from
continuous population with pdf f, (x), and cdf
R, (x) = ZOg I [/ (x)] ax F\(x), then the pdf of the i” order statistic X
is given by
Hence, the Renyi’s Entropy of the TWGG
distribution is obtained as follows: i ni
S, (%)= —fx @[F ] - ()]
(z l) (n z
. _ 1 i A6 32\ A1 _—ox" !
R, (x,a,e,/l)—l_plogﬂaép+6(a+x )x e } dx %
< PpAp .
= 1_1 logj{ /139 —(a+x) e dx] Substituting (2) and (3) into equation (7), the
P3| (a0 +6) pdf of X according to TWGG distribution is
_ 1 279 i( J( )TXWI | one given as the following:
1—1’ (a03+6) = 0

_1 A6 Z( ]&j i?(u)gj)

1- P (a03 + 6)1) j=1 6p

()
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fX(L-) (x)

_ n! 10*
T ((—-D!(n—10)!abd+6)

<e3x31 + 362x2* +6exﬂ> _W]i‘l K
- e

af3+6

03x3% 4+ 30%2x2* + 66x*

(@ 2peree] o

af3+6

Now, the PDF of X(1) and X (5, respectively are given by :

n!/16’4 _oxt
Fx () = <(i —D!(n—-0)!'(ab® + 6)) ¢
and
g () = ( . n! /1-94
" i—D!'n—0)!(ab3+6)

Reliability Analysis

Aldeni etal? opined thatthe most used measures
for describing the underlying distribution of
a lifetime variable is the survival function or
the hazard function. The Survival function,
S(x), and Hazard Function, 4(x), of the TWGG
distribution is obtained respectively by

S(x)zl—Fl(x|a,¢9,/l)

3,34 2_ 24 A
T 1+¢9x +360°x™" +60x s
ab’+6

e (6 F6x0+3x0> + X0 + a6?3)
= - )
6+l

()= A 01002)__ i (xa0.0)
VTR (Ma.0.2) S(xn0.a.2)

4 2
z3 A 7 (a T xu )xﬂ—le—aﬂ
ab +

e’ (6 +6x0+3x0* + X0 + a03)
6+ab’
x*! (x” + a)94/1
6+6x"0+3x60* +x'0° + a &’

(10)

63x*! + 36%x** + 60x*
ab®+6

ad® +6

) e—Bx}‘] (8)

n-1
—_OyA
e Ox ]

3 2 n-1
)e_exz [1 ~ (9 X3+ 30°x% + 69xﬂ> e—exl]

o p——
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o | i == @=05,0=10, 4=10
a7 o g%gﬂ&&fﬂﬁ
s:d X -== {210,850, }=05
c N
Q J \\._h_
& it S
i 1 1 1
X
0 5 10 15
Q . = -
o (Z =4, Q.:ﬁ' 4’:1
ol \ - =403, A=1
= a=4,0=15, }=1
1 @=40,0-08, j=1
o || @=40, 6-08, j=1
x|
L 1 =
') o ‘\ -
o \
- \ S ———
(=]

0 5

10 15

Figure 3. Graph of the hazard function of the TWGG
Distribution for varying values of the parameters
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From Figure 3, it is clearly observed that the
hazard rate function of the TWGG distribution
at different values of a,0 and A can be constant,
increasing, decreasing and bathtub-shaped,
which offer more flexibility.

Maximum Likelihood Estimator

Given that X, X, ..., X is a random sample
of size n from TWGG probability distribution,
the Maximum Likelihood Estimation (MLE)
function of the distribution can be written as

Ll‘[f1

Substituting (2) into (11) and taking the
logarithm function for both sides we found
that the Loglikelihood function is given by

6.2 (an

logL =nlogA +4nlogf —n 10g(0a93 + 6)
+anlog(a +xfl)+zn:log(xf’l)—zn:0xf
i=1 i=1 i=1
(12)

By taking the partial derivative for logL in (12)
with respect to 0,0 and A respectively, we have

ologL n@’ - 1
=— +
o 6+ab’ ; a+x’

6logL 4n  3nab’ ixi

00 0 6+ad <
6logL n Zlo g(x i@lo g(x)x!
i=1

+i 310g(xl. )x*

32
i=1 a+X;

The Maximum Likelihood Estimator of «,0
and A can be obtained by solving the above
three nonlinear equations when
ologL _o, ologL ~0 and ologL
oa 00 oA

=0

numerically using R software."
Results
Simulation Study

In this subsection, we evaluate 9 y)
'‘MLE
and ¢ wp  through a brief simulation study.
The simulation study of the TWGG distribution
is carried out by choosing random samples,
say n = 50, 100, . . ., 1000. These samples are
obtained using the inverse cdf.
The simulation study is conducted for the
combination values 6 = 0.25, A = 0.75, and a

=0.50. The Judgement about the performances
of the HMLE, AMLE and @, , are made by
considering two evaluation criteria. These

criteria are given by.

Mean square error (MSE)
N 2
MSE (6, ) = - Z(a -0)

Bias

(3= 300

i=1

The above evaluation criteria are also computed

for Ay and Q,,, . The simulation study
is performed using the optim()R-function
with argument method = “L-BFGSB”. The
simulation results are presented numerically in
Tables 1. From the results of the simulation of
the TWGG distribution presented in Tables 1,
we can see that.

1. Asnincreases (i.e., as n — ), the values

of HMLE, ZMLE and @,,, tend to become
stable.

~

2. As n — oo, the MSEs of QMLE’ Aiir and
a,,, dwindle to zero. )
3. As n — oo, the Biases of QMLE, Aiir and

a,, tend toward zero.
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Applications

In this section, two real data sets are used to
compare the performance of proposed TWGG
distribution with three existing models:
Generalized Gamma (GGD) distribution,’
Two-Parameter Rama (TPRD) which is as
special case of our proposed distribution and
Generalized Lindley (“GLDS5” as named by
the authors) distribution.!* To compare the
performance of our model with the others
models the following criterions are used:
Akaike information criterion (AIC), Bayesian

information criterion (BIC) and Corrected
Akaike information criterion (CAIC). The
distribution with the smallest values of AIC,
BIC, and AICc is considered as the best model
for the given data. In this section the numerical
results are obtained by using R software.
Dataset 1: The data set represents the remission
times (in months) of a random sample of 128
bladder cancer patients reported in."> See'® for
more details.

Dataset 2: The data represent the survival times
of 121 patients with breast cancer obtained from
a large hospital in a period from 1929 to 1938."7

Table 1. The numerical illustration of the SS of the TWGG distribution for 6 = 0.25, X = 0.75, and o = 0.50

n Parameters MLEs MSEs Biases
50 0 0.2427 0.0056 -0.0072
A 0.7698 0.0072 0.0198
o 0.7850 2.7356 0.2850
100 0 0.2481 0.0027 -0.0018
A 0.7585 0.0031 0.0085
a 0.6873 24773 0.1873
150 0 0.2485 0.0019 -0.0015
A 0.7558 0.0021 0.0058
o 0.6797 2.0457 0.1797
300 0 0.2495 0.0010 -0.0005
A 0.7528 0.0011 0.0028
a 0.6390 1.6917 0.1390
0 0.2505 0.0005 -0.0005
500 A 0.7521 0.0006 0.0021
o 0.6139 1.2811 0.1139
0 0.2504 0.0003 0.0004
800 A 0.7504 0.0003 0.0004
o 0.5189 0.2263 0.0189
0 0.2496 0.0003 -0.0004
1000 A 0.7510 0.0003 0.0010
o 0.5053 0.0975 0.0053
Table 2. Goodness-of-fit of the distributions for dataset 1 (n=128)
MLE Estimates
Distribution A R A -2InL AIC BIC
a 0 A CAIC
TWGG 0.0246 1.3937 0.5178 821.395 827.395 827.588 831.099
TPRD 13356.9 0.1158 - 827.407 831.407 831.503 837.111
GLD5 1.5690 0.1533 - 832.314 836.314 836.410 842.018
GGD 0.1719 2.2686 0.4391 821.891 827.708 827.901 831.412
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Table 3. Goodness-of-fit of the distributions for dataset 2 (n=121)

MLE Estimates
Distribution A A A -2InL AIC BIC
a 2} A CAIC
TWGG 5.1209 0.3506 0.6455 1157.422 1162.422 1162.628 1167.014
TPRD 10692.2 0.0651 - 1166.687 1170.687 1170.788 1176.278
GLD5 1.6470 0.0348 - 1157.704 1161.704 1161.806 1167.296
GGD 61.685 1.1921 1.5216 1157.774 1163.774 1163.980 1167.366

Discussion

Note that in Tables 2 and 3, the parameter
estimates for the TWGG, TPRD, GLDS5
and GGD models are estimated by using the
maximum likelihood method. The -2InL,
AIC, CAIC and BIC are presented for the two
different data sets. For the first dataset, based
on the lowest values of the AIC, CAIC, and
BIC, the TWGG model turns out to be a better
model than the TPRD, GLD5 and GGD models.
However, for the second dataset, based on the
values of the AIC, CAIC, and BIC, the TWGG
model turns out to be a better model than the
TPRD and GGD models.

Conclusion

In this paper, a new three-parameter Weibull-
Generalized Gamma distribution is proposed
and the mathematical properties such as the
shape of the density, hazard rate function,
moments, Renyi entropy, skewness, kurtosis,
and order statistics have been discussed. The
maximum likelithood estimation method for
estimating its parameters has been discussed.
A simulation study was carried out to evaluate
the bias and mean square error of the maximum
likelihood estimates of the parameters. The
application of the proposed distribution to a
real lifetime dataset (cancer patients’ data)
reveals its superiority over the TPRD and
GGD models.
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