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Introduction: Recurrent event data are common in many longitudinal studies. Often, a terminating event 
such as death can be correlated with the recurrent event process. A shared frailty model applied to account for 
the association between recurrent and terminal events. In some situations, a fraction of subjects experience 
neither recurrent events nor death; these subjects are cured.
Methods: In this paper, we discussed the Bayesian approach of a joint frailty model for recurrent and terminal 
events in the presence of cure fraction. We compared estimates of parameters in the Frequentist and Bayesian 
approaches via simulation studies in various sample sizes; we applied the joint frailty model in the presence 
of cure fraction with Frequentist and Bayesian approaches for breast cancer. 
Results: In small sample size Bayesian approach compared to Frequentist approach had a smaller standard 
error and mean square error, and the coverage probabilities close to nominal level of 95%. Also, in Bayesian 
approach, the sampling means of the estimated standard errors were close to the empirical standard error.
Conclusion: The simulation results suggested that when sample size was small, the use of Bayesian joint 
frailty model in the presence of cure fraction led to more efficiency in parameter estimation and statistical 
inference.
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Introduction

In biomedical research, the event of interest 
may occur more than once per subject. Such 

events have been termed as “recurrent events”.  
Tumor recurrences, recurrent heart attacks, 
and successive hospitalizations are some 
examples. Different methods for analyzing 
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recurrent event data were reviewed in the 
literature.1-6 In many situations, a terminating 
event such as death can be correlated with 
the recurrent event process. For example, 
the recurrent of an event like successive 
hospitalizations can increase the risk of death. 
In this context, the common assumption of 
non-informative censoring of the recurrent 
event process by death is violated. Therefore, 
this dependence should be accounted in the 
joint modeling of recurrent events and death, 
and ignoring this association leads to biased 
estimates.7 One common approach to solve 
this problem is frailty models. In frailty 
models, the correlation between the recurrent 
and terminal events is entered to the model 
through a latent variable. So that two event 
processes are independent given frailty.8-11  In 
recent years, the development of new drugs 
and treatments has resulted in a significant 
number of patients to be disease free from 
recurrences or death after a first treatment, 
hence they are considered as cured. This can 
be achieved through Kaplan–Meier survival 
curve which shows a long and stable plateau 
with many large censored observations 
at the tail. Ignoring cured fraction lead to 
overestimation of the probability of survival 
because it assumes that all subjects will 
experience the event of interest while the 
follow-up period is sufficiently long.12

Thus the cure models are becoming 
increasingly important and popular for 
analyzing survival data in which some 
subjects may never experience event. More 
recently, several studies proposed cure rate 
to analysis recurrent events. Yu et al. (2008) 
proposed a frailty mixture cure model for 
hospital readmission data in which subjects 
with a recurrence did not belong to the cure 

group  13. Rondeau et al. (2013) presented a 
flexible model for recurrent events with cure 
fraction.12 There are numerous studies that 
proposed joint frailty models for recurrent 
events and death with Frequentist and 
Bayesian approaches. For example, Liu et 
al. (2004) proposed a joint semi-parametric 
model for the intensity function of recurrent 
events and terminal event by a shared gamma 
frailty that allows different effects of frailty on 
recurrent event and death 9 . In their study, 
maximum likelihood estimation was carried 
out through a Monte Carlo EM algorithm 
with Metropolis-Hastings sampler in the 
E-step. One disadvantage of this method 
was the sensitivity to the starting value and 
thus a heavy computation which was time 
consuming. In order to solve these problems 
Sinha et al. (2008) proposed a Bayesian 
method based on Markov Chain Monte Carlo14 
. Paulon et al. (2018) considered a joint model 
for recurrent events and terminal event with 
nonparametric Bayesian framework.15 Talebi 
et al. (2018) proposed a Bayesian joint frailty 
model for recurrent and terminal events. They 
employed the inter-recurrence dependence 
and the dependence between the two events.16 
Liu et al. (2016) proposed a joint frailty model 
for zero inflation recurrent event and death 
with Frequentist approach.17 According to 
published manuscripts, no study considered 
these models with cured fraction from the 
Bayesian point of view. The purpose of this 
study on the one hand, was to estimate the 
effect of covariates on the times of recurrence, 
death and the cure model and on the other hand, 
to estimate the effect of small sample size in 
parameters estimate in both Frequentist and 
Bayesian approaches. This paper is organized 
as follows: in section 2, we recall the joint 
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frailty model for recurrent and death in the 
presence of a cure fraction. In section 3, we 
compare the results of the simulation study of 
the cure joint frailty model for Frequentist and 
Bayesian approaches in different sample sizes. 
In section 4, we focus on the application of the 
proposed model with Bayesian approach for a 
real dataset. Finally, discussion is presented in 
section 6.

The model

Notations 

We defined notations and definitions that is 
used in the model. Let Tij = min(Xij , Ci , Di) be 
the observed follow-up time so that Xij , Ci  and 
Di  be j th recurrent event time for i th subject, 
(i = 1, …, N, j = 1, … , ni) right-censoring time 
and the death time, respectively. Similarly, the 
last follow-up time for subject i denote by 
T*

i = min (Ci, Di) which is a time of death or 
censoring. We considered a binary indicator 
for recurrent event as so that 
if ni > 0 then 1 and a binary indicator 
for terminal event as . Where 
is  I(.) the indicator function, and Sij indicates 
the gap time (time interval from previous to 
next recurrent event), so that Sij = Tij - Ti (j-1)are 
independent. 
The observation for subject i is Oi(t) ={Sij ,Ti

*- 
δij , δi }. Based on the theory of multivariate 
counting processes.9,18 and Ni

D*(t)=I (Di 
≤ t)  are Ni

D(t)=I (Xi ≤ t, δi= 1)   the actual 
and observed death indicator by time t, 
respectively. Similarly,  Ni

R*(t) and Ni
R(t) = 

Ni
R* (min (Xi , t)) are the actual and observed 

number of recurrent events, respectively The 
number of recurrent events that occurs for 
subject i in [t, t +dt )  is dNi

R*(t) =Ni
R*((t + 

dt)-) - Ni
R*(t-)  and  Ni

R(t) = Yi (t) dNj
R* (t). 

Furthermore Yi (t) = 1(t≤Ti
*) is the at risk 

indicator of subject i at time t. The process 
history of subject i up to time t, is represented 
as Hit = σ{Y(h), Ni

R (h), Ni
D (h), Zi(h), ɷi(h), 0 ≤ 

h ≤ t}. Where Zi(h) is the vector of covariates 
and ɷi(h) is frailty shared by recurrent event 
times for subject i. Furthermore, recurrent 
event processes, death and censoring times 
were assumed to be continuous.  And the time 
of the occurrence of the recurrent and death 
was different. Occurring recurrent event at 
the same time with death, we considered that 
death has occurred first. The recurrent event 
and the death intensity processes at t are Yi (t)   
hi(t)dt = P(dNi

R (t) = 1 ǀ Fit-)  and  Yi (t)   λi(t)dt 
= P(dNi

D (t) = 1 ǀ Fit-), respectively. Where hi 
(t)dt = P(dNi

R* (t) = 1 ǀ  Zi (t), ɷi , Di ≥ t), and λi 
(t)dt = P(dNi

D* (t) = 1 ǀ Zi (t), ɷi , Di ≥ t). 

Estimation

To fit the proposed model, the maximum 
likelihood technique was used to estimate 
different parameters (β, β*, θ, α) and the 
baseline hazard functions (λ0(t), h0(t)) for 
recurrent and death times. Hence,Φ = (h0(t), 
λ0(t), β, β*, θ, α) are all the parameters that 
should be estimated in modeling process. The 
marginal log-likelihood is:

Where   is g(ɷi) density function for shared 
frailty. 
 We modeled the event time distribution with 
a regression model using the Frequentist 
and Bayesian methods. In the Frequentist 
approach, the quasi-Newton procedure was 
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used to maximize the observed log likelihood6 
Since a simple form does not exist for the full 
log likelihood, we integrated out the frailties 
employing the Gauss–Laguerre quadrature. 
The using of another estimation methods for 
example, EM, MCEM and partial penalized 
likelihood (PPL) methods, lies in their 
implementation. So that, two methods are not 
readily available for joint frailty model in the 
presence of cure fraction in any software.
The details are provided in Appendix A. The 
Ĥ-1 was directly used as a variance estimator, 
where H is the convergence Hessian matrix of 
the log likelihood. Due to positivity constraint 
of some parameters (pR, pD, θ > 0), squared 
and exponential transformations are utilized 
and their standard errors are computed by the 
delta method.
In Bayesian approach, we assumed 
informative prior distributions for a set of 
parameters Φ ={β, β*, α, θ, pD, pR}. Normal 
distribution was assumed for the parameters 
of regression coefficients of joint model (β, 
β*~ N(0, 1)). Half-Cauchy priors with scale 
parameter 4 were adopted for the shape 
parameters of baseline hazard functions and 
variance frailty (θ, pD, pR): half - cauchy.4 One 
prior distribution for regression coefficients of 
cure model is Uniform. (α): Uniform(-2, 2). 
The resulting joint posterior for our model is 
given by

(7)

The parameter estimation is based on Laplace 
approximation with implementation in R 
software. Also, in order to have a more 
accurate comparison of Frequentist and 
Bayesian approaches, the non-informative 

prior distributions (β, β*) ~ N(0,1000), (θ, pD, 
pR) ~ gamma (0.01, 0.01) and (α): Uniform 
(-200, 200) were considered for parameters.

Simulation

A simulation study was conducted to 
evaluate the performance of the estimators 
in a Bayesian framework for joint frailty 
model with cure fraction and to compare 
the estimators in Bayesian approach with 
Frequentist estimation in different sample 
sizes. We considered the right censored and 
used a calendar time scale for recurrent times. 
The effect of sample size on the performance 
of estimators was investigated by considering 
five sample sizes (20, 30, 50, 100, and 200) 
and generating 500 replicate datasets.

Generating Data

For each subject i, we generated binary 
explanatory variables Zi(i=0.1), from a 
Bernoulli distribution with probability 0.5. The 
random variables   was generated from gamma 
distribution so that with 
θ=0.5. A fixed right-censoring time was taken 
as Ci = 6 + Unif (0,6). We generated   the gap 
times Sij from 

where λ0(t) = 0.65t0.25 and death time Di 
generated from hi(t ǀ ɷi) = ɷi h0(t) exp (β* Z1i) 
where h0(t)= 0.4t0.25.

A death time Di was generated from the hazard 
function hi(t ǀ ɷi).
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i)  If observed time was a death time  Di ≤ Ci  
then  Ti

* = D and δi = 1.
ii) If  Di > Ci   individual was censored 
then Ti

* = Ci and δi = 0. 

We applied a logistic regression for probability 
of cure so that:

and set α0 = -0.5 and α1 = 1. We generated a 
random variable ui from uniform distribution 
[0,1]. If ui < pi the individual was cured (T* = 
Ci, ẟi

* = 0). If ui < pi  Therefore, the recurrent 
gap times (Sij) were formulate d from hazard 
function λi (Sij ǀ ɷi) and calendar times created 
from

i) If Tij < Ti
*  then the observed time can be a 

recurrent event time and ẟij = 1.  
generating continues until Tij < Ti

* .

ii) If Tij ≥ Ti
*  individual was censored at Ti

* 

and ẟij = 0.  

We set  β1 = 1, β2 = -0.5, β1
*

 = 0.7, α0= -0.5, 
α1= 1.

Results of the simulation study

In this section, a simulation study of the 
Bayesian joint frailty model in the presence of 
cure fraction was performed with the emphasis 
on sample size. In doing so, we could compare 
the performance of estimators with Frequentist 
approach, which was introduced by Liu et al. 
(2016) with different sample sizes (20, 30, 50, 

100, 200) through generating 500 replicate 
datasets. Of all the subjects, 50% were 
cured meaning that they experienced neither 
recurrent nor death. The average number 
of recurrent events was 1.44 to 1.69 with a 
maximum fixed of 8; the censoring rates for 
death had a range from 68% to 78%. The 
simulation results of parameters estimation are 
presented in Table1. It includes the estimation 
of parameters (Est), the mean square error 
(MSE), the empirical standard error (SSE), 
the sampling means of the estimated standard 
errors (SME), and coverage probability of 95% 
(CP) in Frequentist and Bayesian approaches. 
The first and second panels of Table 1 show 
the summarized results of Frequentist and 
Bayesian approaches with informative 
prior considering different sample sizes. In 
small sample size (20, 30 and 50) Bayesian 
approach compared to Frequentist approach 
had a smaller standard error and mean square 
error, and the coverage probabilities close 
to nominal level of 95%. Also, in Bayesian 
approach, the sampling means of the estimated 
standard errors were close to the empirical 
standard error. However, by increasing the 
sample size to 100 or 200, there was less bias 
in estimating parameters in the Frequentist 
approach compared to the Bayesian approach. 
The third panel of Table1 shows the results 
of Bayesian approach using non-informative 
prior. It is observed that when the sample size 
was small, using non-informative prior led 
to larger mean of square errors, and larger 
standard deviations estimates compared to the 
informative prior. The coverage probabilities 
in this case, were approximately equal to 
the nominal level of 95%. Furthermore, by 
increasing the sample size to 100 or 200, the 
results were close to Frequentist approach. 
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The simulation results suggested that when 
sample size was small, the use of Bayesian 
joint frailty model in the presence of cure 
fraction led to more efficiency in parameter 
estimation and statistical inference. 

Application

The joint frailty model in the presence of cure 
fraction with two approaches (Frequentist 
and Bayesian) was used for women with 

breast cancer (BC) who had a mastectomy 
surgery. Our real data was obtained from 
Ramezanzadeh Radiotherapy Center in Yazd 
province in Iran between the years 2004-
2012 with a follow-up until 2015. This study 
was conducted to evaluate the risk factors 
associated with recurrent events and death 
related to BC, considering the correlation 
between both events. Additionally, the 
subjects who experienced neither relapse nor 
death entered the model. Since the selection of 

Table 1. Simulation Results for a generated joint frailty model with Frequentist and Bayesian approaches

CP1, coverage probability of 95% confidence intervals; CP2, coverage probability of 95% equal-tail credible intervals; Est, es-
timates of parameters; MSE1, mean square error; MSE2, Bayesian mean square error; SD, posterior standard deviation; SEE, 
empirical standard error; SEM1, mean of standard error; SEM2, sample mean of the square root of posterior variances
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prior for parameter in the Bayesian approach 
is not an easy task and needs the opinion of an 
expert, we considered a non-informative prior 
in which information of data was predominant 
in producing posterior distribution. The results 
showed that in the Bayesian approach, the 
estimations of parameters have less standard 
deviation than frequentist approach.
 In this study, we considered four baseline 
covariates for each patient: age (>40 years 
old versus ≤40 years old), Lymph node status 
(Positive or Negative), Lymphovascular 
invasion (LVI: Positive or Negative) and tumor 
size (T3, T2 versus T1). Of 227 patients with 
mastectomy surgery, the number of patients 
with one, two and three occurrences of breast 
cancer (relapse) were fourteen (6.2%), four 
(1.8%), and one (0.4), respectively. Twenty-
two (9.7%) patients died during the follow-
up and one hundred ninety-seven (86.7%) 
patients had no recurrent events or death due 
to cancer. The parameters estimate of the joint 
frailty model in the presence of cure fraction 
with the Frequentist and Bayesian approaches 
are shown in Table 2. In a Bayesian approach, 
patients with LVI had a higher risk for next 
recurrences and death compared to those 
without LVI. The patients with tumor size II, 
were 85% less likely to have the risk of next 
recurrences than patients with tumor size I (II: 
HR=0.15, p=0.004). In contrast, the patients 
with tumor size III were 2.68 times more 
likely at risk of recurrence (III: HR=2.68, 
p=0.171) and 4.045 times more likely at risk 
of death in comparison with patients who had 
tumor size I (III:HR=4.045, p=0.005). The 
patients with Lymph Node were more likely 
at risk of death than patients without Lymph 
Node (HR=4.67, p=0.029). In the cure model, 
patients with tumor size II were 56.2% less 

likely to be cured than those with tumor size 
I (HR=0.438, p=0.059). The patients who had 
tumor size III were more likely to be cured 
compared to those with tumor size I (HR=1.62, 
p=0.343). The estimate of frailty variance in 
two approaches was higher than zero, which 
shows that there was a correlation between 
recurrent events and survival time.

Discussion

In this article we proposed a Bayesian joint 
frailty model for recurrent and death events in 
the presence of cure fraction. The Frequentist 
approach was proposed by Liu et al.9 In this 
approach the maximum likelihood estimators 
(MLEs) and confidence intervals are 
asymptotic. In addition, there are situations 
where the maximum likelihood estimators 
do not exist. On the other hand, in many 
medical studies, there is a small sample size 
in which MLEs give biased estimates for 
confidence intervals.11 The Bayesian approach 
was presented to avoid these problems. 
Another advantage of the Bayesian approach 
is the use of previous information that is 
called informative prior; thus, it combines 
the previous information with the observed 
data to make posterior distribution 3. In the 
absence of previous knowledge, the posterior 
inference is based on data observations and 
there is a non-informative distribution.13 Our 
results of simulation study suggested that 
when we have a small sample size, using 
the Bayesian cure joint frailty model with 
informative priors produces estimates with 
smaller bias and standard error estimates, 
and more accurate coverage probabilities 
compared to the Bayesian model with non-
informative prior and Frequentist approaches. 
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Moreover, by increasing the sample size, the 
results of the Bayesian approach are close to 
Frequentist approach.
We analyzed a real data set of the patients with 
breast cancer, in order to compare Frequentist 
and non-informative Bayesian approaches. 
In this dataset, 86.8% of patients were cured 
meaning that they never experienced recurrent 
and death until the end of study. 
Arab Borzu et al proposed a joint frailty 
model in the presence of cure fraction with 
Frequentist approach.19

Extensive studies were conducted in the 
field of joint frailty model for recurrent and 
terminal events.6,7,10,14,20 Liu et al. (2016) 
proposed a joint frailty model for zero-inflated 
recurrent events in the presence of a terminal 

Table 2. The results of Frequentist and Bayesian cure joint frailty model for breast cancer data

event.9 So far, no study evaluated this model 
using the Bayesian approach. The strength of 
the present study was the presentation of the 
Bayesian approach of a joint frailty model in 
the presence of cure fraction and comparing 
Bayesian and Frequentist approaches using 
different sample sizes. There are several 
suggestions for further investigations. First, 
the other frailty distribution, such as Gaussian, 
can be used in the joint frailty model. Second, 
another approach such as EM can be used for 
estimation in joint frailty model with cure 
fraction. Third, it would be interesting to have 
situations where the effect of covariates on 
recurrent events or death is time-dependent 
so that the nonparametric methods like the 
penalized splines are applied.
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Conclusion

The current study results showed when the 
sample size is small, using the Bayesian joint 
frailty model in the presence of cure fraction 
has more accurate results. Furthermore, by 
increasing the sample size the results were 
close to Frequentist approach.
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