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Abstract 

Purpose: Investigating brain connectivity using Electroencephalogram (EEG) is a valuable method for studying 

mental disorders, such as Attention-Deficit/Hyperactivity Disorder (ADHD), and optimizing and developing 

measures of effective connectivity can provide new insights into differences in brain communication in such 

disorders. Multivariate Transfer Entropy (MuTE) is a measure of causal connectivity that quantifies the influence 

of multiple variables on each other in a system. In this study, the MuTE measure was modified by incorporating 

an interaction delay parameter in connectivity calculations to create a measure with self-prediction optimality, 

which we named MuTESPO.  

Materials and Methods: We applied MuTESPO to investigate EEG effective connectivity in healthy and ADHD 

children performing an attention task across five frequency bands and to compare brain connectivity differences 

between the two groups using statistical analysis. 

Results: Our analysis revealed that children with ADHD exhibited excessive short-distance connections in all 

frequency bands while healthy children demonstrated stronger long-range connections in the alpha and gamma 

frequency bands. Moreover, excessive short-distance connectivity was observed in the delta and theta frequency 

bands in all brain regions, as well as in the alpha, beta, and gamma frequency bands between the central and 

parietal regions in children with ADHD. These connectivity patterns may contribute to impaired attention 

functions by impeding effective information transmission and reducing information processing speed in the brains 

of children with ADHD. 

Conclusion: Our analysis presents a novel methodology for measuring effective connectivity and elucidates the 

differences in EEG brain connectivity between children with ADHD and healthy children. 

Keywords: Transfer Entropy; Effective Connectivity Analysis; Electroencephalogram; Attention-

Deficit/Hyperactivity Disorder; Optimized Multivariate Transfer Entropy. 
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1. Introduction  

The area of brain connectivity can be generally 

categorized into three groups: structural connectivity, 

functional connectivity, and effective connectivity. 

Structural connectivity focuses on the nerve fibers that 

establish connections between various brain regions. 

Functional connectivity deals with the statistical co-

activations of various brain regions. Effective 

connectivity, on the other hand, pertains to the 

characterization of the causal interactions between 

different brain regions [1]. The examination of 

effective connectivity networks can assist neurologists 

in investigating how neural disorders such as 

Alzheimer's [2], Schizophrenia [3], Epilepsy [4, 5], 

Autism Spectrum Disorder (ASD) [6, 7], and 

Attention-Deficit/Hyperactivity Disorder (ADHD) [8, 

9] affect the causality of the brain. 

ADHD is a common neurodevelopmental disorder 

in children. To diagnose this disorder, experts examine 

the criteria of inattention and the criteria of 

hyperactivity and impulsivity in children [10]. These 

criteria and symptoms of ADHD are specified in the 

Diagnostic and Statistical Manual of Mental Disorders 

IV text edition (DSM-IV-TR) [11] and the 

International Classification of Diseases (ICD-10) [12]. 

Approximately 5-6% is the estimated occurrence rate 

of ADHD in children [13]. Global statistics indicate 

that ADHD is more common in boys than in girls [14]. 

The behavior pattern in a child with ADHD can appear 

in different situations (such as school and home) and 

lead to performance problems in social, educational, 

or work environments [11]. 

EEG (Electroencephalogram) analysis is a widely 

used method for examining brain activity in both 

healthy individuals and those with mental disorders. 

By measuring the electrical activity of the scalp 

generated by neuronal ensembles of the cerebral 

cortex with millisecond time resolution, EEG can be 

used to identify brain functions and classify subjects 

with disorders from healthy subjects [15]. Despite its 

limited ability to precisely identify the anatomical 

sources of neural activity, EEG remains extensively 

employed in research due to its accessibility, cost-

effectiveness, and superior temporal resolution in 

comparison to other brain imaging techniques like 

functional Magnetic Resonance Imaging (fMRI) or 

Magnetoencephalography (MEG) [16]. With 

advanced signal processing techniques such as 

connectivity analysis, researchers can begin to identify 

the neural networks involved in specific cognitive 

processes or mental disorders.  

Most studies examining EEG brain connectivity in 

individuals with ADHD have focused on determining 

functional connectivity, which measures the statistical 

association between different brain regions [17-22]. 

Sripida et al. have found evidence of distributed 

dysconnectivity within and between large-scale brain 

networks in individuals with ADHD [20]. Other 

studies have found an increase in interhemispheric and 

intrahemispheric coherence in the frontal and central 

regions of the brain in subjects with ADHD [19, 21, 

22]. Clark and Barry conducted multiple studies that 

revealed individuals diagnosed with ADHD exhibit 

increased intrahemispheric coherence within the delta, 

theta, and beta frequency ranges at shorter to medium 

distances. Additionally, they observed reduced 

laterality in the theta band and reduced connectivity 

between the frontal hemisphere within the delta and 

theta frequency bands [17, 18]. However, many of 

these studies have focused on functional connectivity 

measures, and have not provided information about 

the causality of communication between brain regions.  

Recent studies have used effective connectivity 

measures to demonstrate the causal relationships 

between different brain regions in mental disorders 

such as ADHD. Talebi et al. used the direct Directed 

Transfer Function (dDTF) measure and the newly 

introduced measure (nonlinear Causal Relationship 

Estimation by Artificial Neural Network- nCREANN) 

in the investigation of effective connectivity, which 

showed a decrease in the connection between the 

temporal/frontal and temporal/occipital regions, and 

an increase in the connection between the 

frontal/parietal regions in ADHD compared to healthy 

children [8]. In recent research in this field, the use of 

effective connectivity measures based on information 

theory has been considered. Unlike measures that 

calculate effective connectivity based on the 

mathematical model of data distribution (such as 

Granger Causality (GC) and Directed Transfer 

Function (DTF)), the information theory-based 

measures are model-free and use probability functions 

to estimate causal relationships. Transfer Entropy 

(TE) is a basic measure in this category and is widely 
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used to quantify the directional flow of information 

between time series. 

TE was first introduced by Schreiber [23] as a way 

to quantify the amount of information that is 

transferred from one time series (the source) to another 

(the target). Specifically, it measures how much 

information about the future of the target time series 

can be gained by considering the past of the source 

time series, after accounting for the influence of the 

past of the target series itself. In neuroscience, TE has 

been used to investigate the flow of directed 

information between different brain regions, 

particularly in research related to ADHD patients. TE 

has also served as the foundation for the development 

of other measures, including Phase Transfer Entropy 

(PTE), which can provide additional insights into the 

directed interactions between different brain regions. 

Studies utilizing effective connectivity measures such 

as PTE have shown promise in investigating the flow 

of information between brain regions in both healthy 

individuals and those with ADHD. A study that 

employed PTE (phase transfer entropy) as a measure 

of effective connectivity discovered notable 

dissimilarities in the information transmission 

between distant brain regions in both healthy children 

and those with ADHD. These differences were 

especially evident within the theta frequency band [9, 

24].  

Other studies have utilized effective connectivity 

measures to construct brain networks and extract 

features for classification purposes. Abbas et al. 

constructed brain networks using TE and statistically 

compared graph features between two groups [25]. In 

two recent papers, we utilized EEG brain networks 

constructed by PTE to classify EEG signals between 

two groups. In the first paper, we reported 89.1% 

classification accuracy using PTE vectors and an 

Artificial Neural Network (ANN) [26]. In the second 

research, we reported 91.2% classification accuracy 

using graph features and a Bayesian classifier [27]. 

One limitation of conventional effective 

connectivity measures such as TE, PTE, DTF, and GC 

is that they are bivariate, meaning that they only 

consider the interaction between two time series. 

Bivariate measures may introduce indirect 

connectivity as direct connectivity, leading to weaker 

performance compared to multivariate measures. To 

address this limitation, multivariate effective 

connectivity measures have been developed that 

consider the interaction between multiple time series 

simultaneously. The multivariate version of TE 

(MuTE) was introduced by Montalto et al. in 2014 

[28]. Although the MuTE has the advantage of being 

multivariable, it has limitations related to the setting 

of its parameters. By optimizing the parameters of this 

measure, its performance can be improved to more 

reliably calculate effective connectivity in 

multivariate systems. 

In our research, we optimized the multivariate 

Transfer Entropy by incorporating the interaction 

delay between two time series. The resulting measure, 

called optimized MuTE (MuTESPO) was used to study 

the effective connectivity between brain regions in 

children with ADHD and healthy children using EEG 

data. Specifically, we investigated statistical 

differences in effective connectivity between the two 

groups across five frequency bands. 

The remainder of this paper is structured as follows: 

the materials and methods section will first introduce 

the EEG database and data preprocessing, followed by 

an explanation of the measures of TE, MuTE, and the 

optimized mode of MuTE (MuTESPO). Then, the 

construction of effective connectivity differential plots 

and statistical analysis will be described. In the third 

section, the results of the statistical analysis in five 

frequency bands will be presented. The fourth section 

will discuss and compare the obtained results with 

those of previous studies. Lastly, the conclusion will 

be presented in the fifth section. 

2. Materials and Methods  

2.1. The EEG Database 

This study utilized a publicly accessible EEG 

database consisting of 121 children between the ages 

of 7 and 12, comprising both boys and girls. The 

database included 61 children diagnosed with ADHD 

and 60 children who were considered healthy [29]. 

The database used in this study followed the 10-20 

international standard system for electrode placement. 

It included the following channels: Fp1, Fp2, F3, F4, 

C3, C4, P3, P4, O1, O2, F7, F8, T3, T4, T5, T6, Fz, 

Cz, and Pz. To track eye movements, two electrodes 

were positioned below and above the right eye. The 

EEG data were recorded at a sampling rate of 128 Hz. 
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The EEG recording protocol was designed based on 

attention disorder in children with ADHD. Based on 

this, every child should pay attention to the monitor 

screen on which images with cartoon characters are 

displayed. In order to maintain the child's focus on the 

screen, they were instructed to count the number of 

characters present. The accuracy of the child's 

response was not taken into account. The number of 

characters within each image varied randomly 

between 5 and 16. Additionally, the images were 

designed to be of sufficient size to allow for 

comfortable counting. Consequently, the completed 

database contained uninterrupted EEG data for each 

individual child, with the length of each recording 

varying depending on the child's performance during 

the task. 

It should be noted that the database indicated that 

children with ADHD were diagnosed by an expert 

child psychologist based on DSM-IV [11]. The control 

group consisted of children who had no psychological 

disorders, history of epilepsy, drug abuse, or head 

injury, and their health was confirmed. The database 

publishers reported that all subjects participated in the 

experiment voluntarily, informed written consent was 

obtained from their parents, and the data recording 

process was approved by the Institutional Review 

Board (IRB) and Ethics Committee of Tehran 

University of Medical Sciences (TUMS). Further 

details about the EEG database used in this study can 

be found in reference [29]. 

2.2. EEG Pre-Processing 

To extract meaningful results from the EEG data 

analysis, several pre-processing steps in the EEGLAB 

toolbox (version 14.1.1) were performed to remove 

artifacts and noise sources. First, a common average 

reference was applied to the EEG signals, and 

subsequently, a band-pass Finite Impulse Response 

(FIR) filter of 1-48 Hz was applied to the EEG signals. 

Next, the CleanLine plugin was used to remove the 

line noise. We then visually inspected the data over 

time to identify intervals where there was noise from 

electrode displacement in the EEG signal and removed 

these intervals while minimizing data loss. Then, the 

common reference average was removed from all 

channels in each subject. To remove eye blinks and 

muscle artifact components, we used Independent 

Component Analysis (ICA) and identified and 

removed the relevant components from the EEG 

signal. In the end, we utilized FIR filters with zero-

phase shift to extract specific frequency bands - delta 

(1-4 Hz), theta (4-8 Hz), alpha (8-13 Hz), beta (13-30 

Hz), and gamma (30-45 Hz) - from the EEG signal. 

These pre-processing steps allowed us to obtain 

high-quality EEG data that were suitable for further 

analysis. By removing the noise sources and artifacts, 

we were able to identify the EEG connectivity patterns 

and neural mechanisms underlying ADHD. 

2.3. Bivariate Transfer Entropy (TE) 

Bivariate Transfer Entropy (TE) is a model-free 

measure based on information theory that estimates 

the effective connectivity (linear and non-linear) 

between two processes of X and Y [23, 30]. It 

measures the amount of information that process X 

provides about the future behavior of Y, above and 

beyond the information that can be obtained from Y's 

own past behavior. 

TE was obtained by reformulating Wiener's 

principle [31] in terms of conditional mutual 

information for Markov processes by Schindler [32] 

and Palus [33] as follows (Equation 1): 

𝑇𝐸(𝑋 → 𝑌) = 𝐼(𝑌+,
𝑋−

𝑌−
) (1) 

The TE from X to Y in this Equation 1 is the mutual 

information between the past states of the processes X 

(X–) and future states of the processes Y (Y+), 

assuming that we know the past states of the Y (Y–). 

This conditional mutual information function is 

rewritten with terms of Probability Mass Functions 

(PMFs) in the following form (Equation 2): 

𝑇𝐸(𝑋 → 𝑌) = ∑ 𝑃(𝑌+, 𝒀, 𝑿)𝑙𝑜𝑔
𝑃(𝑌+, 𝒀, 𝑿)

𝑃(𝑌+, 𝒀)
 (2) 

Where the probability associated with the vector 

variable a is denoted as p(a), while the probability of 

observing b given the values of a, represented by 

p(b|a), is calculated as p(b|a)= p(a,b)/ p(a). 

Considering Shannon entropy (H(ƒ) = 

− ∑ p(ƒ) log p(ƒ)), the TE function can be represented 

as the subtraction of two conditional Shannon 

entropies (Equation 3): 
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𝑇𝐸(𝑋 → 𝑌) = 𝐼 (𝑌+,
𝑋−

𝑌−
) = 𝐻(

𝑋−

𝑌−
)𝐻(

𝑋−

𝑌−
, 𝑌−) (3) 

Since Shannon entropy can be interpreted as the 

information in the system, Equation 3 can be 

explained as follows: The information transferred 

from X to Y is the average amount of information that 

we get from observing X– after having already 

observed Y– minus the information that is exclusively 

in X– and not in Y+ and Y–. X– and Y– were constructed 

by determining the embedding delay () and 

embedding dimension (d) of the state space of each 

system [30] (Equation 4): 

𝑋−  =  𝑥𝑡𝑑 =  (𝑥𝑡 , 𝑥𝑡–  , 𝑥𝑡– 2 , . . . , 𝑥𝑡– (𝑑– 1)) 
(4) 

𝑌−  =  𝑦𝑡𝑑 =  (𝑦𝑡 , 𝑦𝑡–  , 𝑦𝑡– 2 , . . . , 𝑦𝑡– (𝑑– 1)) 

If we write 𝑌+  as yt, another representation of bivariate 

TE with the expansion of conditional Shannon 

entropies and embedding parameters is as follows 

(Equation 5): 

𝑇𝐸 (𝑋 à 𝑌) = 𝐻(xt
d|yt

d)–𝐻(xt
d|yt ,yt

d) 

=𝐻(xt
d,yt

d)– 𝐻(yt
d)–𝐻(xt

d,yt,yt
d)+𝐻(yt ,yt

d) 
(5) 

In their study in 2013, Wibral et al. [34] highlighted 

that an underestimation of the information in the past 

values of  (X–) and past Y (Y–) could result in a 

potentially high amount of information transfer from 

X to Y. To address this, they proposed an enhanced 

version of transfer entropy called TESPO. This 

improved method incorporated an interaction delay 

parameter (u) that satisfied the requirement of self-

prediction optimality. Considering the interaction 

delay (u), Wibral et al. [34] rewrote the TE with 

interaction delay (u) (Equations 6, 7): 

TESPO (X à Y, u)  = ∑ p(𝑌𝑡 , 𝑋𝑡−𝑢
𝑑 , 𝑌𝑡

𝑑) Log 
p(𝑌𝑡  | 𝑌𝑡

𝑑 , 𝑋𝑡−𝑢
𝑑

 ) 

p(𝑌𝑡| 𝑌𝑡
𝑑

  )

 

t

 (6) 

TESPO (X à Y, u)  =𝐻(xt-u
d |𝑌𝑡

𝑑)–𝐻(𝑋𝑡−𝑢
𝑑 |𝑌𝑡  ,𝑌𝑡

𝑑)  

=𝐻(𝑋𝑡−𝑢
𝑑 ,𝑌𝑡

𝑑) − 𝐻(𝑌𝑡
𝑑)–𝐻(𝑋𝑡−𝑢

𝑑 ,𝑌𝑡,𝑌𝑡
𝑑)+𝐻(𝑌𝑡  ,𝑌𝑡

𝑑) 
(7) 

In this formula, if u = 0, TESPO will be equal to the 

classic TE estimator. The performance of the 

TESPO estimator is shown in Figure 1 when the true 

interactive delay (δ) between two time series, X and 

Y, is known. Figure 1a. indicates X and Y time series 

with source and target titles, respectively, interacting  

from X to Y with the true interaction delay (δ). The 

star represents a sample of the Y (yt) for which the 

transfer entropy function considers the X– and Y–. 

Circles (white and black) represent samples selected 

from X and Y as X– and Y–, respectively. In this 

Figure, embedding dimension (d) set to 2, and the 

embedding delay (τ) marked with colored boxes for 

both X– and Y–. The three values for interaction delay 

(u) are shown as follows: u1< δ, u2 = δ and u3>> δ. 

Figure 1b. shows how the TE changes for different u 

values. If the value of u corresponds to the true 

interaction delay value between two time series, so 

that X– (gray boxes) contains informative samples, the 

TE estimator reaches its maximum value. Using TESPO 

the dominant information-transfer delay (δ) from X to 

Y can be estimated as in Equation 8 [34]. 

𝛿  = 𝑎𝑟𝑔 maxu TESPO (𝑋 à 𝑌, u) (8) 

When there is a single information transfer delay from 

X to Y, the parameter δ can be understood as the actual 

information transfer delay from X to Y. However, in 

cases where there are multiple coupling delays from X 

to Y, Wibral et al. suggested averaging the TESPO over 

values over the range of delays u:[1 umax][34]. This 

 

Figure 1. Central concepts underlying the reconstruction 

of interaction delay using the TESPO estimator [34]. 

Adapted from M. Wibral et al., "Measuring information-transfer 

delays," PloS one, vol. 8, no. 2, p. e55809, 2013, Figure 1 
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method has been used in other research studies as well 

[35]. 

2.4. Optimized Multivariate Transfer Entropy 

In real-world systems, only two variables are rarely 

involved, and in most systems, there are multiple 

variables that interact with each other. The 

information interaction of other variables in a 

multivariate system affects the value of TE between X 

and Y. To address this limitation, multivariate TE 

(MuTE) has been introduced, which includes the 

information in the variables (X and Y) and other time 

series (Z= Zk=1,...,M-2
(k)

) in the TE calculations. Here, M 

is the number of variables in the system. The definition 

of multivariate transfer entropy from X to Y, 

conditioned on Z, is as follows (Equation 9): 

MuTE (X à Y|Z) = ∑ p(Y+,Y–
, X–

, Z–) Log 
p(Y+ | Y–, X– , Z–)

p(Y+| Y–, Z–  )

 

t

 (9) 

MuTE calculates the transfer of information from X to 

Y while already knowing the information in Y– and Z– 

[28]: 

𝑀𝑢𝑇𝐸 (𝑋 à 𝑌|𝑍)  =  𝐼 (𝑋–, 𝑌 + |𝑌–,  𝑍–) (10) 

The conditional mutual information function can be 

represented using conditional entropy, as 

demonstrated by Equations 5 and 7 [36, 37]: 

𝑀𝑈𝑇𝐸 (𝑋 →
𝑌

𝑍
) = 𝐻 (

𝑋𝑡
𝑑

𝑌𝑡
𝑑 , 𝑍𝑡

𝑑) − 𝐻 (
𝑋𝑡

𝑑

𝑌𝑡

, 𝑌𝑡
𝑑 , 𝑍𝑡

𝑑)

= 𝐻(𝑋𝑡
𝑑, 𝑌𝑡

𝑑, 𝑍𝑡
𝑑) − 𝐻(𝑌𝑡

𝑑, 𝑍𝑡
𝑑)

− 𝐻(𝑌𝑡, 𝑋𝑡
𝑑, 𝑌𝑡

𝑑 , 𝑍𝑡
𝑑)

+ 𝐻(𝑌𝑡, 𝑋𝑡
𝑑, 𝑌𝑡

𝑑 , 𝑍𝑡
𝑑) 

(11) 

In this study, we modified the MuTE by entering the 

interaction delay (u) into the MuTE equation. Similar 

to Wibral's definition of TESPO, our modified measure 

was named MuTESPO (Multivariate transfer Entropy 

with self-prediction optimality). In the modified 

mode, MuTESPO was calculated in the time interval 

from 1 to umax, so that the time required for the 

interaction delay is considered in the MuTESPO 

calculation. The equation of the MuTESPO can be 

shown in the following order (Equation 12): 

MuTESPO (𝑋 →
𝑌

𝑍
, 𝑈) = 𝐻 (

𝑋𝑡−𝑢
𝑑

𝑌𝑡
𝑑

, 𝑍𝑡
𝑑)

− 𝐻 (
𝑋𝑡−𝑢

𝑑

𝑌𝑡

, 𝑌𝑡
𝑑 , 𝑍𝑡

𝑑)

= 𝐻(𝑋𝑡−𝑢
𝑑 , 𝑌𝑡

𝑑 , 𝑍𝑡
𝑑) − 𝐻(𝑌𝑡

𝑑, 𝑍𝑡
𝑑)

− 𝐻(𝑌𝑡, 𝑋𝑡−𝑢
𝑑 , 𝑌𝑡

𝑑, 𝑍𝑡
𝑑)

+ 𝐻(𝑌𝑡, 𝑌𝑡
𝑑, 𝑍𝑡

𝑑) 

(12) 

And in this way, the dominant information-transfer 

delay (δ’) by MuTESPO can be defined as (Equation 

13): 

𝛿’ =  𝑎𝑟𝑔 maxu MuTESPO (X à Y|Z, u) (13) 

Assuming the value of u to be zero in Equation 12 

results in the MuTESPO function being equivalent to 

the classic MuTE function. 

2.5. Construction of Directed Differential 

Connectivity Graph (dDCG) 

In this study, we first estimated the directional 

connectivity strength between each pair of channels 

for each subject using the MuTESPO measure. To 

achieve our goal, we segmented each subject's EEG 

signals into non-overlapping windows of 8 seconds 

(1024 samples). Next, we computed the 

MuTESPO value for each pair of channels within each 

segment. By averaging the values obtained for each 

subject in each frequency band across the segments, 

we derived a distinct MuTESPO value. Our previous 

research demonstrated that a minimum length of 1024 

samples is required to obtain reliable results from TE-

based measures in time series [38]. Given the 

assumption of stationarity in EEG signals, we also 

used a window length of 1024 samples in this study. 

Then, a statistical test between two groups was 

performed for each directed link. During the statistical 

test, we examined the null hypothesis, which states 

that the strength of each link remained the same across 

both groups. Conversely, the alternative hypothesis 

posits that there were significant differences in the 

strength of the link between the two groups. For the 

statistical analysis, we utilized a t-test (Equation 14) to 

compare the average strength of each link between the 

two groups. In this equation, μ1 and μ2 represent the 

sample mean of link strength for ADHD and healthy 

groups, while σ1 and σ2 represent the sample variances 

of link strength for ADHD and healthy groups, 

respectively. The number of subjects in the healthy 
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group is denoted as N1, and the number of subjects in 

the ADHD group is denoted as N2. 

t =
μ1- μ2

√
σ1

2

N1
+

σ2
2

N2

 

(14) 

To test the null hypothesis, the t null distribution 

was estimated with non-parametric permutation tests 

for each link (Np: Number of Permutation= 5000). 

Subsequently, the significance of the t-statistic for 

each link was evaluated by comparing its actual value 

with the null distribution obtained. This comparison 

was done using the p-value. To identify significant 

differences between the two groups, FDR-corrected p-

values were employed. These corrected p-values were 

considered significant at a threshold of <0.01. These 

significant differences represent directed differential 

connectivity graphs (dDCG) for each of the five 

frequency bands. 

3. Results  

In this study, we introduced the MuTESPO, which 

calculates the optimized transfer entropy in the case of 

a multivariate system. We used this measure to 

determine the brain-effective connectivity of healthy 

and ADHD children based on their 19-channel EEG 

signals. In order to examine the connectivity patterns 

in both individuals with ADHD and healthy 

individuals, we computed the MuTESPO between each 

pair of channels across five frequency bands. This 

analysis encompassed all subjects and channels in the 

study. To calculate the MuTESPO measure, we 

modified the TIM 1.3.0 toolbox to convert the 

standard "MuTE" measure to optimized MuTE 

measure by taking into account the interaction delay 

(u). The TIM toolbox is a cross-platform C++/Matlab 

library for efficient non-linear time-series analysis. 

The TIM toolbox calculates the Shannon entropies 

(Equations 11 and 12) using the k-Nearest Neighbor 

(kNN) estimator [39]. Alternative Shannon entropy 

estimators, such as binning and kernel methods, can 

introduce biases that impact the precision of the 

estimated direction of information flow [40]. 

Moreover, these estimators may occasionally produce 

reversed estimates of information flow direction, 

despite being faster compared to the K-Nearest 

Neighbor (K-NN) estimator [41]. 

Due to the fact that the calculation of TE and its 

variants, including MuTESPO, "MuTE," MuTESPO , 

involves four terms of Shannon entropy, each with 

different dimensions, choosing a fixed value for K can 

lead to bias error in the calculation of entropy and the 

distance between points [40]. To tackle this concern, 

Kraskov et al. suggested choosing the value of k in the 

highest dimensional space as a starting point, and 

subsequently projecting the computed distance to 

lower dimensional spaces to determine the range for 

searching neighbors [40]. In our study, we opted to set 

the value of K as 10. This decision was based on prior 

research that demonstrated the K-Nearest Neighbors 

(K-NN) estimator's performance remains fairly stable 

even when this parameter is subject to reasonable 

variations [40, 42]. 

There are two different methods to determine the 

optimal delay () and the optimal dimensions (d) of the 

embedding. The first method, the Ragwitz method, is 

more suitable for high-dimensional multivariate 

systems and works by minimizing the prediction error 

[43]. This method calculates () and d simultaneously 

and was chosen in our research because the MuTESPO 

measure is inherently multivariate, and we used it to 

determine 19-channel EEG connectivity. The second 

approach, which is suitable for low-dimensional 

systems, involves utilizing the first local minimum of 

the auto-mutual information to determine the value of 

τ. Then, the Cao criterion [44] is employed to estimate 

the embedding dimension (d). In order to implement 

the Ragwitz method, we explored a range of 1 to 10 

samples for the embedding delay (τ) and 1 to 10 for 

the embedding dimension (d). For each EEG channel 

of every subject, we computed the mean squared 

prediction error (e2 (, d)) individually. The optimal 

values of τ and d for the entire dataset were selected 

by minimizing e2(, d) across all channels and 

subjects. We set the interaction delay umaxto 10 

samples, which indicated the use of a 10-sample delay 

for transferring information between two signals from 

one channel to another channel using MuTESPO. The 

unique value for MuTESPO was obtained by averaging 

the values for MuTESPO across u values ranging from 

1 to 10. 

We then used statistical analysis to construct dDCG 

for each frequency band between the two groups, as 
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shown in Figure 2(a-e). The Figures depict red lines to 

represent connections that exhibit statistically 

significant differences between the two groups, with 

higher average strength observed in individuals with 

ADHD. On the other hand, blue lines indicate 

connections with statistically significant differences 

between the two groups, where the average strength is 

higher in healthy individuals. Overall, these Figures 

provide a visual representation of the connectivity 

patterns observed in individuals with ADHD 

compared to healthy individuals in different frequency 

bands. 

The results of the study indicate that individuals 

with ADHD exhibit unique connectivity patterns in 

different frequency bands. Upon a general 

examination of Figure 2, it becomes apparent that the 

delta and theta frequency bands exhibit a significantly 

higher number of red arrows, indicating stronger 

connectivity, in children with ADHD compared to 

healthy children. Interestingly, as the frequency range 

increases, the number of red arrows decreases. In the 

alpha, beta, and gamma frequency bands, nearly all the 

red arrows were observed over short distances 

between electrodes. Additionally, in certain frequency 

bands such as theta, alpha, and gamma, blue arrows 

were observed, indicating stronger long-range 

effective connections in healthy children as opposed 

to those with ADHD. 

4. Discussion 

In this study, we introduce the optimized 

multivariate transfer entropy, termed MuTESPO , 

which represents a significant advancement in 

quantifying effective connectivity. Unlike traditional 

multivariate transfer entropy methods, which typically 

calculate connectivity based on a fixed interaction 

delay, MuTESPO incorporates a range of interaction 

delays into its analysis. This innovation addresses a 

critical limitation of classic multivariate transfer 

entropy, where using a single, fixed delay might miss 

important causal interactions if the true delay between 

variables falls outside the chosen delay window. By 

averaging the MuTE values over a range of interaction 

delays, MuTESPO provides a more accurate and 

comprehensive measure of connectivity, reducing the 

risk of overlooking significant causal relationships 

that could be missed with traditional methods. 

MuTESPO was employed to evaluate effective 

connectivity in the brains of children, both those who 

were healthy and those diagnosed with ADHD, using 

their EEG signals while engaged in an attention task. 

A statistical analysis was conducted to assess the 

difference in effective connectivity between the two 

groups. The results of our study revealed that children 

diagnosed with ADHD exhibited excessive short-

range connections, particularly at low frequencies, and 

impaired long-range connections at high frequencies, 

in comparison to their healthy subjects. 

The statistical test conducted on the MuTESPO 

values in Figure 2 indicates stronger brain-effective 

connections at short intervals in children with ADHD 

across all frequency bands (red arrows). Notably, In 

the delta frequency band, individuals with ADHD 

have a significantly higher number of stronger 

connections in both short and long connections 

compared to healthy individuals (Figure 2a). 

However, as the frequency increases, the number of 

short stronger directed brain connections of children 

with ADHD decreases. Our finding regarding the 

potential role of delta frequency band connectivity in 

the difference between the two groups is in line with 

prior research. Luo et al. conducted a frequency 

analysis and found that the fronto-central region 

exhibited higher delta power in their study [43]. In our 

previous study, we employed directed PTE within the 

delta frequency range and discovered a noteworthy 

distinction between the two groups concerning 

internal connections in the anterior region. The ADHD 

group exhibited higher values compared to the other 

group, indicating a significant difference [9]. Two 

recent studies have reported increased nodal efficiency 

in the delta frequency band in individuals with ADHD 

[27, 46]. 

Based on statistically significant distinctions 

between the two groups, our findings in the theta 

frequency range indicated that the ADHD group 

exhibited a reduced number of stronger effective 

connections over shorter distances compared to the 

delta band. However, these connections were still 

higher in number compared to the alpha frequency 

band. Additionally, we observed a few long-range 

connections between brain regions in a theta 

frequency band, with significantly higher strength in 

healthy individuals compared to those with ADHD 

(blue arrows). Figure 2(a and b) demonstrates that the 
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delta and theta frequency bands exhibit a greater 

number of significant directed connections between 

the two groups compared to the other frequency bands. 

In these two frequency bands, the stronger short 

connections in children with ADHD were distributed 

across all brain regions. The crucial role of 

connectivity in the delta and theta frequency bands in 

distinguishing and classifying between the ADHD and 

healthy groups has been supported by numerous 

studies. Ahmadlou discovered that utilizing criteria 

like Synchronization Likelihood (SL) and Fuzzy 

Synchronization Likelihood (FSL) to assess functional 

connectivity allowed for the identification of 

synchronization patterns achieving classification 

accuracies of 87.5% and 95.6% in the theta and delta 

frequency bands, respectively [47, 48]. Our last two 

studies on classifying between two groups using 

features extracted from the PTE connectivity graph 

showed that the highest classification accuracy was 

achieved using features from the delta and theta 

frequency bands.  

Based on the data presented in Figure 2c, it was 

observed that children with ADHD showed stronger 

effective connections primarily over short distances in 

the alpha band, which is consistent with previous 

findings in other frequency bands. These connections 

were mostly between central regions and between 

central and parietal regions. Furthermore, in this 

frequency band, the statistical analysis of MuTESPO 

revealed the presence of long-range effective 

connections that were stronger in healthy children 

compared to those with ADHD. Specifically, these 

directed connections were frequently observed 

between the occipital region of the right hemisphere 

and the frontal and prefrontal regions. 

After analyzing the MuTESPO values in the beta 

frequency band, our results indicate that the mean 

power of all the connections with short distances that 

exhibited a statistically significant difference between 

the two groups was higher in children with ADHD 

(Figure 2d). We found that the stronger connections 

were primarily located between the central and 

parietal regions (except F3→F7). Through our 

analysis, we discovered that four pairs of electrode 

connections located in these regions displayed 

statistically significant differences between the two 

groups in both directions (C3↔P3, Cz↔P4, C4↔P4, 

T4↔T6). Two pairs of these effective connections 

located between the central and parietal regions of the 

right hemisphere (Cz↔P4 and C4↔P4) in the gamma 

frequency band also had significant strength in the 

ADHD group. Also, in the last frequency band, as 

shown by the blue arrows in Figure 2e, stronger 

connections were identified in healthy children, 

especially at long distances between electrodes. 

Based on our analysis of the statistical results 

obtained from the MuTESPO for effective connectivity 

between two groups of children (ADHD and healthy), 

we have drawn the following conclusions: Children 

diagnosed with ADHD demonstrated heightened 

effective connectivity between brain regions in the 

low-frequency bands (delta and theta) when compared 

to healthy children. These increased connections were 

frequently observed over shorter distances and 

between electrodes that were in close proximity to 

each other. However, as the frequency increased, the 

number of stronger connections decreased in children 

with ADHD. Conversely, long-range connections 

were observed in high-frequency bands (alpha and 

gamma) that were statistically stronger in healthy 

children than in children with ADHD. 

These findings suggest that the presence of short 

and extensive connections in children with ADHD 

may limit the transmission of information within their 

brain regions, causing information to become trapped 

over sub-networks and reducing the speed of 

information transfer. This limitation in information 

transmission was observed in different frequency 

bands and specifically between central and parietal 

regions in alpha, beta, and gamma. In contrast, the 

stronger long-range connections of healthy children 

allow for rapid information transfer. Therefore, the 

excessive short connections and impaired long-range 

connections in the brain networks of children with 

ADHD may contribute to attention and behavioral 

disorders in these individuals. Our research results 

validate previous studies that utilized graph theory to 

examine EEG signals and fMRI data and also indicate 

new insights to the existing knowledge. Earlier studies 

revealed that the brain networks of individuals with 

ADHD have greater levels of separation and less 

integration [27, 49, 50], and the research conducted on 

the interaction between MEG channels also showed 

that the connectivity for ADHD patients was more 

than that of control subjects in all frequency bands and 

in short distances [51]. In addition to validating prior 
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research findings, our study demonstrated that 

information trapping within brain sub-networks in 

individuals with ADHD is more pronounced at lower 

frequencies and diminishes at higher frequencies. 

Specifically, this trapping predominantly occurs in the 

connectivity between the central and parietal regions 

of the brain. 

Besides introducing the MuTESPO measure and the 

observed differences in EEG connectivity between 

healthy children and children with ADHD using this 

modified connectivity criterion, this study has some 

limitations. One limitation is the number of EEG 

channels in the database, which consists of 19 

channels. For a more comprehensive understanding of 

the connectivity differences between these two 

groups, incorporating a greater number of EEG 

channels would be beneficial. Another limitation is 

that our investigation of brain connectivity was 

conducted through scalp electrodes. To better 

understand the source of connectivity in the brain, 

using source localization methods with a higher 

density of EEG channels is recommended, as it can 

help address volume conduction issues more 

effectively. In our study, we attempted to mitigate 

volume conduction effects and ensure accurate 

connectivity findings by employing a combination of 

preprocessing techniques, including average reference 

and ICA for spatial filtering, along with surrogate data 

analysis to validate the robustness of our results. 

It should also be noted that, similar to Transfer 

Entropy (TE), the MuTESPO measure, which is model-

free, requires more computational processing to 

   

  

Figure 2. dDCG between ADHD subjects and healthy subject in five frequency bands. (a) Delta band, (b) Theta band, (c) 

Alpha band, (d) Beta band, (e) Gamma band. The red arrows represent significant differences connections with higher 

average strength in subjects with ADHD, while the blue arrows represent significant differences connections with higher 

average strength in healthy subjects 
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identify causal connectivity compared to other 

measures that use data distribution models, such as 

Granger Causality (GC) and Directed Transfer 

Function (dDTF). Additionally, because MuTESPO 

investigates all pairwise EEG connections due to its 

multivariate nature, it requires more computation time 

compared to bivariate measures like TE, which can 

misinterpret indirect connections as direct. Despite its 

higher computational cost, MuTESPO has three 

advantages: it is model-free, thus eliminating 

modeling errors; it is multivariate, avoiding the 

misinterpretation of indirect connections as direct; and 

it considers a range of interaction delays with self-

prediction optimality, minimizing the risk of missing 

interactions. 

5. Conclusion 

In conclusion, we present an enhanced version of 

multivariate transfer entropy, termed MuTESPO which 

enabled the assessment of both direct and indirect 

information flow between variables while considering 

the influence of all other variables within the 

multivariate system. The MuTESPO incorporates an 

interaction delay parameter to measure prominent 

information transfer between two variables. Our 

statistical analysis of MuTESPO revealed that children 

with ADHD exhibited excessive short-distance 

connectivity across all frequency bands, in contrast to 

healthy controls, who showed more robust long-range 

connections, particularly in the alpha and gamma 

bands. Furthermore, the observed excessive short-

distance connectivity in ADHD was prevalent in delta 

and theta bands across all brain regions, and in alpha, 

beta, and gamma bands specifically between central 

and parietal regions. This suggests a more pronounced 

information trapping within brain sub-networks in 

ADHD individuals, predominantly affecting lower 

frequencies and diminishing at higher frequencies, 

with notable effects in central-parietal connectivity. 

Future research should consider incorporating higher 

EEG channel numbers to determine the performance 

of MuTESPO and to gain a more comprehensive 

understanding of EEG connectivity in ADHD. 

Additionally, employing source localization methods 

could provide insights into the origins of these 

connectivity patterns. To facilitate broader application 

and further investigation, developing a toolbox for 

MuTESPO" would be beneficial for the signal 

processing research . 
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