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Abstract

Purpose: The Boundary Element (BE) and Finite Element (FE) methods are widely used numerical techniques
to solve the Electroencephalography (EEG) forward problem. However, the FE Method (FEM) has difficulty in
simulating current dipoles due to singularity, and the BE method (BEM) cannot simulate inhomogeneous and
anisotropic conductivity profiles. Recently, a hybrid BE-FE method has been proposed to benefit from the advantages
of both BEM and FEM in solving the EEG forward problem. Generally, the type of mesh may significantly influence
the results of numerical EEG forward solvers and should be carefully studied.

Materials and Methods: In this paper, the performance of the hybrid BE-FE method is compared with an approach
of FEM (partial integration) using three types of meshes. The ground truth is the analytical EEG forward solutions
obtained from inhomogeneous and isotropic/anisotropic four-layer spherical head models with dipoles of radial
and tangential directions at four eccentricities.

Results: The minimum mean of Relative Difference Measure (RDM) obtained from Partial Integration (PI)-FEM is
0.0596 at 70% source eccentricity while by using the hybrid BE-FE method it is improved to 0.0251 at the same
eccentricity. On the other hand, the maximum mean of Magnitude Ratio (MAG) obtained from PI-FEM is 0.6216
at 50% source eccentricity while it is improved to 0.9734 at the same eccentricity.

Conclusion: The results show that the hybrid BE-FE method outperforms PI-FEM in solving the EEG forward
problem using three types of meshes regarding RDM and MAG error criteria.

Keywords: Electroencephalography Forward Problem; Boundary Element Method; Finite Element Method; Hybrid
Boundary Element—Finite Element Method; Spherical Head Model.
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1. Introduction

The Electroencephalography (EEG) forward problem
calculates the electric potentials on the scalp for given
electrical sources in the brain. On the other hand, the
inverse problem can be computed for a given forward
model to find the sources that caused the measured
electric potentials at the EEG electrodes, which is a very
important task (called source localization) in neuroscience.
An accurate solver of forward problem is required in
many applications in both medical neuro-imaging and
commercial applications [1, 2] since the errors caused
by an inaccurate forward solver will degrade the accuracy
of the inverse solution. To solve the EEG forward problem,
two advanced numerical methods, including the Finite
Element Method (FEM) [3, 4] and the Boundary Element
Method (BEM) [3, 5, 6], have been widely applied.

The FEM is flexible for incorporating arbitrary
geometries and heterogeneous and anisotropic electrical
conductivity profiles, which were shown to significantly
impact the current flow through biological tissues [7-
9]. However, the major problem of the FEM is the
singularity introduced by the dipolar source models [3,
7, 10] that are widely accepted to model EEG signal
generators [11-13]. Although several approaches have
been proposed to improve the performance of the FEM
in singularity cases, including the subtraction method
[7, 10, 14, 15], the direct method [9, 10, 16, 17], e.g.,
Partial Integration (PI) [17] and Saint Venant’s method
[16], it is still a major challenge. Also, the FEM requires
discretization of the entire region into elements using
an FE mesh. To improve the accuracy of EEG forward
solution by FEM, the number of mesh nodes should be
increased, which leads to difficult FE mesh generation
and data pre-processing [8, 18, 19].

Some studies conducted on solving the EEG forward
problem have used the BEM, which reformulates the
forward problem with surface integrals on the boundaries
of the head compartments, meaning that the linear systems
to solve are considerably smaller than FEM. The BEM has
numerical stability, accuracy, and effectiveness compared
with differential equation-based techniques [6, 18]. The
computational efficiency of BEM can be greatly increased
by using acceleration techniques such as the Fast Multipole
Method (FMM) [20-22]. Unfortunately, the standard
BEM formulations cannot handle inhomogeneity and
anisotropicity of skull/brain conductivity profile [3, 6].
A BE-inspired method has been recently proposed, which
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accounts for the skull and white matter anisotropy [6, 18].
However, unlike the standard BEM, which is based on
surface discretization, the BE-inspired method relies
on a volumetric discretization of the whole head.

To benefit from the advantages of both FEM and
BEM, a combination of the BEM and the FEM can be
considered. Some combinatory methods have been
proposed for electromagnetic and biomedical problems
[23-27], however very few ones have been proposed
for solving the EEG forward problem. A 3D coupling
formulation was presented in [26] to solve the EEG
forward problem. This coupling method was very time-
consuming because the BEM and FEM ran iteratively
until the relative residuals reached below a properly
set value (6 x 10%). Also, a relaxation parameter at each
interface was compulsory to ensure convergence. The
relaxation parameters were set manually, and the
inappropriate value of these parameters would make the
algorithm diverge. In [28], a combination of the BEM
and the FEM was proposed for solving the EEG forward
problem. In this hybrid BE-FE method, the isotropic
and homogeneous subregions containing the current
dipoles are modeled by the BEM, and the other subregions
(the inhomogeneous or anisotropic subregions or those
without current dipoles) are modeled by the FEM. Also,
this method solves the global system in one step without
any iterations. Consequently, the hybrid BE-FE method
has been shown to increase the accuracy of the EEG
forward solution and consequently helps to more accurate
localization of brain sources.

The hybrid BE-FE method was validated in solving
the EEG forward problem of isotropic/anisotropic
multi-compartment media based on the conductivity
uncertainties of head layers [28, 29]. The performance
of numerical methods is highly dependent on the
quality and number of mesh elements. However, there
has been no validation of the hybrid BE-FE method or
comparison with FEM in terms of the performance and
computation time for different types of meshes.

In this study, the hybrid BE-FE method and FEM are
compared in solving the EEG forward problem in terms
of performance and computation time for three types of
meshes. The EEG forward solutions are validated using
the analytic solution of a four-layer isotropic/anisotropic
heterogeneous spherical head model. By using the spherical
head model, an approximated model of the skull as a
single-layer of homogeneous and isotropic/anisotropic
profile with optimized value conductivity/ anisotropy
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ratio is used. However, the human skull in the realistic
head model has a three-layered sandwich structure,
consisting of a hard (compact) bone enclosing another
layer of soft (spongy) bone which is not equally thick
everywhere [30].

This paper is organized as follows. In section 2, the
mathematical formulations of the EEG forward problem
and its numerical solutions using PI-FEM and hybrid
BE-FE method will be presented. In Section 3, the
performance criteria and the computation time of simulated
spherical head models will be reported. In Section 4,
the results will be discussed. Finally, in Section 5, the
paper will be concluded, and some future works will
be proposed.

2. EEG Forward Problem

2.1. Governing Equations

Consider a Three-Dimensional (3D) region Q with
conductivity tensor ¢ and boundary I'. The EEG
forward problem based on the quasi-static approximation
of Maxwell’s equations is used to estimate the electric
potentials over the scalp with homogeneous Neumann
boundary conditions as follows [11]:

V.(6Vu) =V.Jp inside Q

Ju 1)
c—=0 on I'

on

Where u is the electric potential distribution, n is
the outward unit vector that is normal to the boundary
I', and Jp denotes the primary current density of the
brain source [3, 11]. It is noteworthy that, in this paper,
vector quantities are denoted by bold characters.

The primary current density J p is commonly modeled
as two delta functions at the current source position
12 (x5, ¥2, Z5) and the current sink position 4 (x4, y1, 21)
with the current source density |, as follows [9]:

V.Jp () = [5G — 1) — 8 —7y)] )

Where delta functions represent the injection of
positively charged ions into the cell body of the
pyramidal cells and removal of positively charged ions
from the apical dendrite of the pyramidal cells at an
infinitesimally small volume.

In the hybrid BE-FE method [28], the domain Q
should be divided into two regions: an outer region QF
containing Cerebrospinal Fluid (CSF), skull, and scalp
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layers and an inner region QBE containing brain layer.
The outer and inner regions are formulated by the
FEM and the BEM, respectively. Figure 1 depicts the
two FE and BE regions. The regions Q™ and QFF are
adjacent (Q = QF U QFF). I'™E and I'®E are the boundaries
of QF and QPE, respectively, and T'™ is the interface
boundary.
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Figure 1. Domain handled by Boundary Element (BE)
and Finite Element (FE) regions for the piece-wise
homogenous four-layer spherical head model (brain,
CSF, skull, and scalp) in the hybrid BE-FE method

2.2. FE Shape Functions

In the FE region QE, the domain is divided into M
triangular elements and includes NFE nodes. Electric
potential u® at any point within each tetrahedral element
is given by linear interpolation of nodal value u; [31].

4
Wy, 2) = ) NGy, 3)
j=1

Where the interpolation functions Nf(x, y,z) are
given by (Equation 4):
1
6ve

Nf(x,y,z) = (af +bfx+cfy +dfz) (4)

Where af, bf, cf, and d]? are constants and determined

from the coordinates of the nodes of elements. By
minimizing a functional F (u) derived from the Rayleigh-
Ritz method, which is a variational method, for each
element and assembling all elements in the whole volume
and using the Pl approach to model the current dipoles
[17, 32], the final set of equations can be written as
follows [31]:

Krgupg = Brg (5)

Where Kr is the coefficient (stiffness) matrix, which
is a function of nodal coordinates and conductivity of
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each element. uyy is the column vector of the unknown
electric potential of the nodes, and By is the source
column vector contributed by the dipoles. The electric
potential is computed by applying the Neumann boundary
condition, given in Equations 1, to 5.

2.3. Boundary Element Method (BEM)

In the BE region, N triangular elements at BE boundary
I'BE that were produced by discretizing the FE region
were used. By applying reciprocal relation to derive a
boundary integral equation for the boundary value
problem Equation 1 and considering constant BEs in a
one-layer homogenous region, a system of N linear
algebraic equations, including N unknowns is
constituted as follows [33]:

AppXpr = Bgg (6)

Where Xgg is the column vector (column matrix),
including both the electric potential u and its normal
derivative Z—Z for each element, Ay is the coefficient

matrix and By is the column vector containing values
of boundary condition and the current dipoles information.

2.4. Hybrid BE-FE Method

In this subsection, the EEG forward problem based
on the hybrid BE-FE method is formulated. To couple
BEM and FEM, the following continuity conditions
must be enforced on the interface boundary I'™ between
the two regions Qge and Qre [28]

Pre, T Pre, T OrE
P = . 3 2 . (7)
0@rg 0@gE
OFE ongpg = T Ok ongg (8)

where ny; and ngg are outward unit vectors which
are normal to the I'™ in the FE and BE regions,
respectively. Also, @gg is the potential of BE element
on interface boundary I' and @gg,, @Fg,, @re,are the
nodal potentials of the FE element corresponding to the
same BE element. o5 and o are the conductivities
of FE and BE regions, respectively. To impose
Equations 7 and 8 on the interface boundary, first
Equations 5 and 6 are combined and boundary conditions
are applied to each interface as follows:
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where Kpp and Agy are the coefficient matrix of
elements in FE and BE regions, respectively. By and
By, are source column vectors that existed in FE and BE
regions and @ is the zero matrix. Also, ugg and X are
the unknowns of FE and BE domains. The unknowns
of the FE region are the nodal electric potential of FE
elements and in the BE region are the electric potential
and its normal derivative of each element.

It is noteworthy that the BEM is used to represent the
Poisson Equation 1 at the brain subregion (BE region)
considering the Dirichlet boundary condition and FEM
is used to represent the Laplace equation (V. (6V¢) = 0)
at other subregions (FE regions) considering Neumann
condition at CSF/brain and air/scalp interfaces for the
four-layer spherical head model to derive Equation 5.

Then by applying Equations 7 and 8 to 9, the
matrices Krg, Agg, Brg, and By are modified as Kr,
Agg, Brg, and Bpg, respectively; and the resulting
equation is obtained as:

Krg  Mpg|jure _ Brg
[MBE A XBE]_ By (10)

Where Mg and M are sparse matrices constructed
as a result of applying, Equations 7 and 8 to 9
respectively. Using the Gaussian elimination method,
Equation 10 is solved for uz; and Xg5.

3. Evaluation and Results

In this section, the numerical results obtained from
the hybrid BE-FE method and PI-FEM are validated
with an analytical solution for a four-layer isotropic
/anisotropic piece-wise homogeneous spherical head
model. To validate the numerical results, the Relative
Difference Measure (RDM) and the Magnitude Ratio
(MAG) [3, 34] have been used as follows:

Pana PNum

RDM = |——— ——— 11
|(pAna| |<pNum| ( )

MAG = Prnum (12)
Pana

Where ¢4, and @y, are analytical and numerical
solutions, respectively, and | | denotes the square root
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of Euclidean distance. In this paper, ¢ 4,1 calculated
by using the analytical solution given in [35] for spherical
head models. It is noteworthy that the nearer RDM to
0 and the MAG to 1, the better EEG forward solution.

3.1. Isotropic Piece-Wise Homogenous Four-Layer
Spherical Head Model

In this example, the forward problem of a four-
compartment (brain, CSF, skull, and scalp) isotropic
spherical head model is solved, and the hybrid BE-FE
method and PI-FEM are evaluated with an analytical
solution. Table 1 indicates the parameters of this model
[29, 30, 36].

In order to investigate the efficiency of the hybrid
BE-FE method, we use three types of meshes (Coarse
Mesh (CM), Normal Mesh (NM), and Fine Mesh (FM))
to compare the performance of the hybrid BE-FE method
and PI-FEM in terms of the accuracy and computational
time for different degrees of freedom. The simulation
results of the hybrid BE-FE method and PI-FEM are
obtained on the outmost surface (scalp) of the four-layer
spherical head model generated by a dipole inside the
innermost layer (brain). The domain is discretized into
tetrahedral volume elements for the PI-FEM by using
COMSOL 5.1 and repaired by ISO2MESH [37] that
provides us accurate mesh volume and surface
elements.

To extract the mesh of the hybrid BE-FE method, the
BE regions, and the FE regions are discretized using a
surface triangular mesh and a volume tetrahedral mesh,

respectively. So that the BE and FE regions in the hybrid
method have the same boundary surface elements, the
entire volume domain is first discretized by irregular
tetrahedral volume elements, and then irregular triangular
surface elements for the BE regions are extracted from
the data of the tetrahedral elements. For each of the three
used meshes, the number of nodes, triangular surface
elements, and tetrahedral volume elements are given
in Table 2.

Figure 2 and Figure 3, respectively, show the RDM
and MAG of EEG forward solutions obtained by PI-FEM
and hybrid BE-FE method for dipoles of radial and
tangential directions located at four different eccentricities.
For each model, the three types of meshes (CM, NM,
and FM) were used.

Comparing the PI-FEM and hybrid BE-FE method
regarding the RDM on these isotropic models (Figure
2a and Figure 3a) shows that the hybrid BE-FE method
clearly outperforms the PI1-FEM for dipoles of both the
radial (Figure 2a) and tangential (Figure 3a) directions at
all four eccentricities. For dipoles of the radial direction,
the hybrid BE-FE has a maximum RDM of 0.1486 at
source eccentricity of 98% for CM, and the PI-FEM
has its maximum RDM of 0.1758 at the same source
eccentricity and type of mesh (see Figure 2a). Also, as
illustrated in Figure 2a, the hybrid BE-FE method has
much smaller RDM compared with FEM in source
eccentrics of 50%, 70%, and 90%. For dipoles of the
tangential direction, the maximum RDM obtained from
the hybrid BE-FE method is 0.0609 at the source
eccentricity of 98% for CM, while the FEM has a higher

Table 1. Parameters of the concentric four-layer spherical head model [29, 36]. The conductivity values, radius, and
optimized anisotropy ratio are based on [29, 36], and [30], respectively

Tissue Brain CSF Skull Scalp
Outer shell radius (cm) 7.6 8.0 8.6 9.2
Conductivity interval (S/m) 0.2200-0.6700 1.7696-1.8104 0.0016-0.0330 0.2800-0.8700
Optimized anisotropy ratio - 0.0093: 0.015

Table 2. The number of nodes, triangular surface elements, and tetrahedral volume elements for the three types of meshes

Number of Triangular Number of Tetrahedral

Method Type of mesh Number of Nodes surface elements volume elements
CM 8636 e 48362
PI-FEM NM 1430 e 81942
FM 22132 - 126197
CM 6673 5460 29509
Hybrid BE-FE NM 10448 8520 46406
FM 15355 12588 67576
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RDM (0.076) at these eccentricities. On the other hand,
the maximum RDM obtained from the PI-FEM is 0.1231
at the same type of mesh but with the source eccentricity
of 50% (see Figure 3a).

Regarding the MAG (Figure 2b and Figure 3b), the
hybrid BE-FE method outperforms the PI-FEM
clearly. For dipoles of the radial direction, the hybrid
BE-FE has a maximum MAG of 1.0976 at the source
eccentricity of 90% for CM. In comparison, the Pl-
FEM has the worst MAG of 0.6237 at 50% for FM
(Figure 2hb). In the tangential direction, the worst result
of MAG from the hybrid BE-FE method is 1.0408 at
98% source eccentricity for CM, while the PI-FEM
has higher MAG (0.6489) at the same eccentricity and
type of meshes (see Figure 3b).

@ .

RDM

(b)

Source Eccentricity

Figure 2. Isotropic piece-wise homogenous four-layer
spherical head model with a dipole of radial orientation
(z-axis), (a) Relative Difference Measure (RDM), and (b)
MAG error of Partial Integration- Finite Element Method
(PI-FEM) and hybrid BE-FE method at four different
source eccentricities for three different types of meshes

3.2. Anisotropic Piece-Wise Homogenous Four-
Layer Spherical Head Model

In this subsection, an anisotropic four-layer spherical
head model is studied. The radius and conductivity of
each layer were the same as those in Table 1, but the
conductivity of the skull was anisotropic with an
optimized anisotropy ratio of 0.0093: 0.015 [30]. The
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50% 70% 90% 98%
Source Eccentricity

Figure 3. Isotropic piece-wise homogenous four-
layer spherical head model for a dipole of tangential
orientation (x-axis), (a) RDM, and (b) MAG error of
PI-FEM and hybrid BE-FE method at four different
source eccentricities for three different types of meshes

optimized anisotropy ratio is defined as the ratio of
radial conductivity (o) to tangential conductivity (o;) of
the skull [30]. It is noteworthy that in this model, the
brain (containing dipoles) is modeled by using the BEM,
while other layers are modeled by using the PI-FEM.

Figure 4 and Figure 5 show the resulting RDM and
MAG for four dipole eccentricities and three types of
meshes when dipoles are radial and tangential, respectively.
The numbers of nodes, tetrahedral volume elements, and
triangular surface elements of volume mesh are the same
as the previous simulation in section 3.1.

Also, the execution times corresponding to the three
cases for both the PI-FEM and the hybrid BE-FE method
are compared for all eccentricities. The results showed
the same profile, so one sample result for 98% source
eccentricities is shown in Table 3. In this example, the
Microsoft Windows 10 Enterprise N, a PC with Intel
Core i7-4510U 2.6-GHz CPU and 6-GB RAM were
used for both methods.

As shown in Figure 4a and Figure 5a, regarding the
RDM, the hybrid BE-FE method is more accurate than
PI-FEM for both dipole directions. The maximum
RDM obtained from the PI-FEM in the radial direction
is 0.1555 at the source eccentricity of 70% for NM,
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whereas, for the hybrid BE-FE method, it is 0.0274 at
the same source eccentricity (Figure 4a). On the other
hand, in the tangential direction (Figure 5a), the RDM
obtained from the PI-FEM has a maximum of 0.133 at
the source eccentricity of 50% for NM, while the hybrid
BE-FE method has a maximum RDM of 0.0719 at the
source eccentricity of 90%.

Also, regarding the MAG (Figure 4b) and Figure 5
b), the influence of considering the CSF layer in the
spherical head model is apparent. As shown in Figure
4b and Figure 5b, the MAG error obtained from the
hybrid BE-FE method is much better than PI-FEM in
both directions. For radial dipoles, the best results of
MAG for the PI-FEM and the hybrid BE-FE method
are 0.64 at the source eccentricity of 50% for CM and
0.9056 at the same source eccentricity and type of
mesh (Figure 4b). On the other hand, for tangential
dipoles, the MAG obtained from the hybrid BE-FE
method is better than that of PI-FEM at all
eccentricities (Figure 5b).

Finally, the mean and standard deviation of RDM and
MAG of all simulations were calculated at each source
eccentricity. Figure 6 shows bar plots of RDM and MAG
of PI-FEM and hybrid BE-FE method for isotropic and

(a) 0.16 -

0.14

[ PI-FEM (CM)
PIFEM (NM)
P

Hybrid )
| Hiybrid BE-FE (FM)

(b)

[<A=PI-FEM (CM)

PLFEM (NM)

0.85 [=e=PLFEM (FM)
e Hybrid BE-FE (CM)

Hybrid BE-FE (NM)
0.8|~e Hybrid BE-FE (EM)

MAG

Source Eccentricity

Figure 4. Anisotropic piece-wise homogenous four-layer
spherical head model with a dipole of radial orientation
(z-axis), (@) RDM, and (b) MAG error of PI-FEM and
hybrid BE-FE method at four different source eccentricities
for three different types of meshes
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Figure 5. Anisotropic piece-wise homogenous four-
layer spherical head model for a dipole of tangential
orientation (x-axis), (a) RDM, and (b) MAG error of
PI-FEM and hybrid BE-FE method at four different
source eccentricities for three different types of meshes

anisotropic piece-wise homogeneous four-layer spherical
head models versus different eccentricities for both radial
and tangential dipoles. For each case, 12 realizations were
simulated before. Also, the mean and standard deviation
of RDM and MAG and P-values of Wilcoxon signed-
rank tests are reported in Table 4. It should be noted that
some results did not pass the Gaussian test (P-value < 0.05).
For this reason, we used Wilcoxon signed-rank test to
calculate P-values.

Comparing the PI-FEM and hybrid BE-FE method
with regard to the RDM (Figure 6a and Table ) shows
that the hybrid BE-FE method significantly outperforms
the PI-FEM for dipoles of all four eccentricities (P-value
< 0.05). The hybrid BE-FE has a maximum RDM of
0.0629 + 0.0356 at 98% source eccentricity, and the
PI-FEM has RDM of 0.0778 + 0.044 at the same source
eccentricity (Figure 6a and Table ). Also, the PI-FEM
leads to a larger RDM variance than the hybrid BE-FE
method except at 90% source eccentricity. Regarding
MAG, the best result of MAG obtained from the hybrid
BE-FE method is 0.9734 + 0.0523 at 50% source
eccentricity, while the PI-FEM is worse MAG (0.6216
+0.0229) at these eccentricities (Figure 6b and Table 4).
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Table 3. Anisotropic piece-wise homogeneous four-
layer spherical head model, computation time obtained
for PI-FEM and hybrid BE-FE method, for three types
of meshes when the current dipole is at the source
eccentricity of 98%

Computation

Method Mesh Type

Time (s)

CM 51.5682

PI-FEM NM 151.9768
FM 366.9810

CM 76.0918

Hybrid BE-FE NM 320.2645
FM 620.4527

Furthermore, the computation time is increased
from 51.5682 to 366.9810 (s) in the PI-FEM and from
76.0918 to 620.4527 (s) in the hybrid BE-FE method
when CM and FM are used, revealing in all cases the
execution time in the hybrid BE-FE method is more
than that of in the PI-FEM (Table 3). However, using
an advanced PC with a high-speed CPU and sufficient
RAM, the longer execution time of the hybrid BE-FE
method does not create a serious problem.

Also, regarding RDM and MAG, the hybrid BE-FE
method at CM is more accurate than PI-FEM at FM
except at source eccentricity of 98% in the radial direction.

4. Discussion

Although each BEM and FEM has several
advantages, they also have drawbacks in solving the
EEG forward problem. BEM cannot model complex
geometry such as inhomogeneity and anisotropicity
and head model with holes [3, 6]. On the other hand,
using the FEM may cause a singularity in the right-
hand side of the EEG forward Equation 1 [3, 9]. For

0.14 T WP FEN
[ Hybrid BE-FE

012 -
0.1

— 0.08 -
006 -
0.04

0.02 -

70% 90%
Source Eccentricity

® .,

ElPI-FEM
[EHybrid BE-FE

MAG
=)
=)

50% 70% 90%
Source Eccentricity

Figure 6. Mean = std of Wilcoxon signed-rank test of
12 realizations of (a) RDM and (b) MAG of obtained
from PI-FEM and hybrid BE-FE method for dipoles of
four different source eccentricities

using the advantages of both methods, the hybrid BE—
FE method proposed in [28] for solving the EEG
forward problem offers an alternative solution. [28]
compared the hybrid BE-FE method with PI-FEM for
different conductivities of head layers. However, the
numerical method was highly dependent on the quality
of the mesh and its number of elements, [28] has not
studied different types of meshes. In this study, we
evaluated the performance of the hybrid BE-FE
method for solving the EEG forward problem for three
types of meshes with various qualities and numbers of
elements at four different dipole eccentricities in radial
and tangential directions and compared it with the
performance of PI-FEM. The hybrid BE-FE method
provides an elegant solution to the practical EEG forward

Table 4. Mean + std and P-value of Wilcoxon signed-rank test of 12 realizations of RDM and MAG obtained from PI-
FEM and hybrid BE-FE method for dipoles of four different source eccentricities at both radial and tangential directions.
P-value corresponds to comparing the results of PI-FEM and hybrid BE-FE method

Source Eccentricity 50% 70% 90% 98%
PI-FEM 0.0825 +0.0411 0.0596 + 0.0210 0.0647 +0.0136 0.0778 £ 0.0440
5 Hybrid BE-FE 0.0207 +0.0150 0.0251 +0.0123 0.0436 + 0.0165 0.0629 + 0.0356
P-value 0.00049 0.00049 0.00049 0.0269
PI-FEM 0.6216 +0.0229 0.6048 + 0.0335 0.6111 +0.0299 0.5789 + 0.1887
Sé Hybrid BE-FE 0.9734 +0.0523 0.9617 +0.0738 0.9642 + 0.0992 0.9374 £ 0.0936
P-value 0.00049 0.00049 0.00049 0.00049
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problem of modeling heterogeneity and anisotropicity
in tissues whose boundaries are known without complex
volume meshing of the whole 3D domain. It is noteworthy
that in the hybrid BE-FE method, the volume meshing is
not eliminated, but it is limited to regions without dipoles.

Regarding RDM and MAG, the results of the isotropic
inhomogeneous four-layer spherical head model showed
that the hybrid BE-FE method outperforms the PI-FEM
in all eccentricities and both dipole directions (see Figure
2 and Figure 3). In the radial direction, the RDM of the
hybrid BE-FE method is less than the RDM of PI-FEM,
especially in CM (Figure 2a). It means that the hybrid
BE-FE method can perform much better than PI-FEM
even with small a number of mesh elements. Also, the
hybrid BE-FE method with CM outperforms PI-FEM
with FM except at 98% source eccentricity. On the other
hand, the better performance of the hybrid BE-FE method
in MAG is much more impressive (Figure 2b). These
results are repeated for tangential direction as shown in
Figure 3. As mentioned, the closer RDM is to zero and the
closer MAG is to one, and hence the better performance
the numerical method has. They indicate that using the
hybrid BE-FE method with less tetrahedral volume
elements yields a more accurate solution for the EEG
forward problem than the PI-FEM does.

By considering the skull as a homogenous anisotropic
layer in our models, the results showed that the hybrid BE-
FE method outperforms the PI-FEM at all eccentricities
in both dipole directions. In the radial direction, the RDM
of the hybrid BE-FE method is much smaller than the PI-
FEM (see Figure 4a). On the other hand, the difference
between their RDM for the tangential direction is higher
than that for the radial direction (see Figure 5a).
Therefore, the hybrid BE-FE method clearly performs
well and has a small RDM of less than 0.1141 for radial
direction at the source eccentricity of 98% using CM and
0.0719 for tangential direction at the source eccentricity
of 90% using NM. While the PI-FEM has a maximum
RDM of 0.1555 at the source eccentricity of 70% using
NM and 0.133 at the source eccentricity of 50% using CM
in radial and tangential directions, respectively (Figure 4
a, Figure 5a). On the other hand, the MAG of the PI-
FEM shows a large error for both dipole directions
(Figure 4b and Figure 5b). On the other hand, the
hybrid BE-FE method has the best results for both
dipole directions.

In the next step, we calculated the mean and standard
deviation of 12 realizations of RDM and MAG at four
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source eccentricities. Figure 6 and Table show that the
hybrid BE-FE method has less mean of RDM and a
higher mean of MAG compared with PI-FEM at all
source eccentricities.

The generally higher accuracy of the hybrid
BE-FE method was expected because of hypothetical
contemplations behind the hybrid BE-FE method since it
utilizes each of the BEM and FEM on the layers more
qualified for them. It utilizes the BEM to demonstrate the
layer containing dipoles to stay away from the singularity
problem of the FEM. On the other side, it uses the FEM
to model inhomogeneous and anisotropic compartments
to conquer the BEM problem in simulating inhomogeneity
and anisotropicity.

Finally, we compared the computation time of the
PI-FEM and hybrid BE-FE method in the anisotropic
model when the current dipole was at the source
eccentricity of 98% (see Table 3). The results showed
that PI-FEM is faster than the hybrid BE-FE method,
especially when the mesh resolution is higher. This is
because of using BEM and its computational integration.
It seems that by using a high-performance computer,
the computation time of the hybrid BE-FE method can
be significantly decreased. On the other hand, using
the FMM can decrease the computation time of high-
resolution BEM very much [20-22] and can be used in
the hybrid BE-FE method.

There are a few restrictions in our study that need
to be considered. The hybrid BE-FE method is more
time-consuming than the PI-FEM. Likewise, the mesh
extraction of the hybrid BE-FE method is more complex
than FEM. There are some academic software packages
that produce volume mesh for the FEM very quickly
and accurately. But to extract mesh for the hybrid BE-
FE method, first, the volume mesh is generated and
then the mesh to use in the hybrid BE-FE method will
be extracted. Consequently, it is more time-consuming
and complex than the FEM.

5. Conclusion

In this paper, the EEG forward problem has been
solved by the hybrid BE-FE method. The PI-FEM and
the hybrid BE-FE method have been implemented.
These 3D numerical methods are validated with the
analytical solution and compared with each other on the
four-layer spherical head model. The results obtained
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from the hybrid BE-FE method on four-layer piece-
wise homogenous isotropic/anisotropic spherical head
models show that this method can use the advantages
of both BE and FE methods, and the RDM and MAG
error using the hybrid BE-FE method is less than that
of the PI-FEM but at the cost of higher computational
load. The directions of the future work can include further
development of the proposed method to use in a five-
layer spherical head model to consider the effect of
anisotropicity of white matter. Moreover, we can compare
our proposed hybrid BE-FE method with other types of
FEM, such as subtraction and saint Venant’s methods.
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